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PREFACE 


During twenty centuries the theory of numbers has 
been a favorite subject of research by leading mathe- 
maticians and thousands of amateurs. Recent investiga-. 
tions compare favorably with the older ones. Future dis- 
coveries will far surpass those of the past. 

The aim of this book is not technique, but the central 
ideas of the subject. Topics are not abandoned just at the 
point when they become most interesting, but are carried 
to fruition with attention to both classic and recent litera- 
ture. Topics are excluded if their full treatment requires 
results capable of proof only by intricate analytic methods. 
In spite of this limitation, the material presented is fairly 
representative of the vast literature. 

The first three chapters treat divisibility, congruences, 
quadratic residues, and the reciprocity law, Binary quad- 
ratic forms are treated fully in four chapters without the 
usual restriction to integral coefficients. These chapters 
are interspersed with four chapters on Diophantine equa- 
tions, the first of which is quite elementary, the second in- 
volves the notion of reduced binary quadratic forms, while 
the last two are elementary (and may be read early) but 
involve long chains of arguments. 

The book is intended for beginners and develops the 
subject from first principles. College algebra is the only 
prerequisite except in chapter x. But there is a gradual 
accumulation of definitions, concepts, and notations with 
which the reader must become thoroughly familiar before 
he can profit by the second part of the book. For this 
reason, he should solve many of the numerous problems, 
which were carefully selected and are not beyond 
beginners. 
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The book contains several original results. There are 
many novel features in the proofs. 

For suggestions on the proof-sheets, the author is under 
obligations to Professors E. T. Bell, A. J. Kempner, and 
(for chap. iv) O. E. Brown and E. B. Escott. 

L. E. Dickson 
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CHAPTER I 


FUNDAMENTAL THEOREMS ON 
DIVISIBILITY 


Since we shall develop the elements of the theory of 
numbers from first principles, we devote the first few pages 
to facts presented in arithmetic without formal proof. 
Unique factorization into primes is by no means self- 
evident, since it usually fails for numbers involving a root 
of an algebraic equation. 

1. Greatest common divisor. A method of finding the 
g.c.d. of 323 and 221 consists in dividing the former by the 
latter to obtain the quotient 1 and remainder 102; then 
dividing 221 by 102 to obtain the quotient 2 and remainder 
17. Since 17 divides 102, 17 is the desired g.c.d. This work 
is conveniently exhibited by the following equations: 


323 =221-14102, 221=102-2+17, 102=17-6. 


Similarly, to find the g.c.d. of any two integers a; and 
d2, where d2~0, we employ equations of the type 


G1=O2qi +03, O2=AsGetds, As=Gugztds,..., 
(1) 0; = GittG+Gi+2 . aoe On—2=An—19n—2 An , 


On—-1=A7nQn-1 - 


Here 0<a;<|a2|, OSas<a3,.... Since the remainders 
3, 04, As,... form a set of decreasing integers 20, the 
process leads ultimately to a remainder which is zero. Let 
An+1 be the first zero remainder; then the equations termi- 
nate as in (1). ” 
We readily show that a, is the g.c.d. of a; and a2. Any 
common divisor of a; and dz divides az, by the first equa- 
tion (1), and therefore divides as, and similarly divides 
1 
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Qs, . +.) On—2 An—1, Gn. Conversely, any divisor of a, di- 
vides d@,—1 and therefore divides Qn—2,... , Qs, M3, Me, G1. 
Hence the common divisors of a1 and a2 coincide with the 
divisors of dn. 

The first two equations (1) give 


a3=41— 12 , a= —q2ti+(1 +192) 2 ’ 


whence a3 and as are linear, homogeneous functions of ai 
and a2 with integral coefficients. If we grant the like fact 
for a3, ... , @, Aj41, we see from the first equation of the 
second line of (1) that the same fact holds for a;42. This 
induction completes the proof of 

TuroremM 1. Any two integers that are not both zero have 
a unique greatest common divisor. It can be expressed as a 
linear, homogeneous function of them with integral coefficients. 

Let g be the g.c.d. of a and b. Then g=ra-+sb, where r 
and s are integers. Also g and c have a g.c.d. G, which is a 
linear function of g and c and hence of a, b, and c. Similarly, 
G and d have a g.c.d., which is a linear function of G and d 
and hence of a, b, c, d. Proceeding similarly, we obtain 

THEOREM 2. Any integers a, b, c,..., 1, not all zero, 
have a unique greatest common divisor, which is a linear, 
homogeneous function of them with integral coefficients. 

2. Relatively prime integers. Two integers a and b are 
called relatively prime if their g.c.d. is unity. Then a is said 
to be prime to b. For example, 4 is prime to 9. 

TueEoreEM 3. If a and b are relatively prime, any common 
divisor of ak and b is a divisor of k. 

By Theorem 1 there exist integers s and ¢ such that 
sa+tb=1. Hence s-ak+tk-b=k, which proves Theorem 3. 

Corotuary 1. If a and b are relatively prime, and if ak 
is divisible by b, then k is divisible by b. 

This follows from Theorem 3 by taking b as the com- 
mon divisor of ak and b. 
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Corotiary 2. If a and k are both relatively prime to b, 
their product ak is relatively prime to b. 

If also J is prime to b, then ak-l is prime to b. By in- 
duction we obtain 

Corotuary 3. If several integers are all prime to b, 
their product is prime to b. 

3. Prime numbers. An integer p>1 is called a prime 
if it has no integral divisors except +p and +1. The only 
primes <10 are 2, 3, 5, 7. An integer b which has a divisor 
other than +b, +1, is called composite. 

Lehmer’s factor table and list of primes, both to 10 
million, were published by the Carnegie Institution of 
Washington in 1909 and 1914. They are more accurate 
than earlier, shorter tables. 

TueroreM 4. If a product of several integers is divisible 
by a prime p, at least one of the integers is divisible by p. 

For, if not, each would be relatively prime to p, and 
their product would be prime to p by Corollary 3. 

THEOREM 5. Every composite, positive integer N can be 
expressed as a product of primes in one and but one way if we 
do not distinguish between two arrangements of the same prime 
factors. 

Let p: be the least divisor >1 of N. Then pi<N. Evi- 
dently p: is a prime. Write N=p.Mi. If Ni is a prime, N 
has been expressed as a product of two primes. But if Ni 
is composite, its least divisor p2>1 is a prime. Write 
Ni=p2N2, and proceed with Ne as before. After a finite 
number of such steps we obtain a factorization N = pipe. 
Mn of N into primes. 

Suppose that N=qige . . . g, isa second factorization of 
N into primes. By Theorem 4, the prime q: divides one of 
the primes p;, say p1. Hence qi=pi, and 


9293 --- Qr=P2p3..- Pn. 
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Similarly, gz is equal to one of the factors on the right, 
say po. Proceeding in this manner, we conclude that r=n 
and that qi,.-.,@Q, are identical in some order with 

1) 2 2 « 9 Pn 

i 4, Tafinitude of primes. Euclid proved in his Elements 
that the number of primes is infinite. Given a prime p, we 
are to prove that there exists a prime >p. Let x denote 
the product of all the primes <p. If 1+7 isa prime it is the 
desired prime >p. But if 1++-7 is composite, it is a product 
of primes by Theorem 5. Since each of 2, 3,...,pisa 
divisor of z, it is not a divisor of 1+7. Hence any prime 
factor of 1+ exceeds p and is the desired prime. 


EXERCISES I 
. One of any three consecutive integers is divisible by 3. 
. Hence n(n+1)(2n+1) is divisible by 6. 
. If 2”+1 is a prime, n is a power of 2. 
. If 2?—1isa prime, p itself is a prime. 
. If p and q are distinct primes, the divisors of p’g* coincide 
with the 3-4 terms of the expansion of the product 


(l+p+p*)(1+¢+¢+¢@) . 


Why is this product the sum of the 12 divisors of p?q?? 
6. Generalize Ex. 5 and prove that the number of divisors of 


m=pi ... px is (e:+1) ... (e,+1), while their sum and the 


Pe wD 


on 


sum of their nth powers are, respectively, 


i Rely prtes+1)—7 


k 

: II 
iat Ral im. De 

7. A positive integer is called a perfect number if it is equal to 

the sum of all its divisors other than itself (hence it is half of the 

sum of all divisors). Prove that 2?-1(2»—1) is a perfect number 


when 2?—1 is a prime (Euclid). Verify that the first four perfect 
numbers are 6, 28, 496, and 8,128. 
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8. Every even perfect number is of Euclid’s type. Hints: Let 
2"—1q be perfect, where g is odd and n>1. Then 2»q=(2—1)s, 
where s is the sum of all divisors of g. Write s=q+d. Then g= 
d(2"—1), and d is a divisor of g. Also, d¥q. Hence q and d are 
the only divisors of g, whence d=1 and q is a prime 2”—1. See 
Ix. 4. 

9. Find the number N of integral solutions of 22—y?=P>0. 
Write w=x+y, v=x—y. Prove that N=0 if P is double an odd 
integer; while N is the double of the number of divisors of P or 
of 7P, according as P is odd or a multiple of 4. 

10. Ex. 9 implies that N is double the difference between the 
number of even divisors of P and the number of odd divisors. 

11. There are infinitely many primes 6n—1. Hint: Use r—1, 
with w as in § 4. 

12. There are infinitely many primes 4n—1. (Use 27—1.) 


5. Congruent numbers. If the difference of two inte- 
gers a and b is divisible by m, we shall say that a and b are 
congruent modulo m and shall employ the notation due to 


Gauss: 
a=b (mod m). 


The sign # denotes not congruent (incongruent). For ex- 


ample, 
12=2, —2=3 (mod 5), 743 (mod 5). 


If two numbers are congruent to a third, they are con- 
eruent to each other. 

TueoreM 6. If a=b and c=d (mod m), then a+c= 
b+d, a—c=b—d, ac=bd (mod m). 

Since a—b and c—d are multiples of m, their sum and 
difference are multiples of m. Also, ac=be=bd (mod m). 

While a=b (mod m) implies na=nb (mod m), the con- 
verse need not hold. For example, 4-7=4-2 (mod 10), 
1742 (mod 10). But 7=2 (mod 5). This illustrates 

TuroreM 7. If na=nb (mod m) and if g is the greatest 
common divisor of n and m, then a=b (mod m/q). 
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We have n=gN, m=gM, where N and M are relatively 
prime integers. Since n(a—b) is divisible by m, N(a—6) is 
divisible by M. Hence a—b is divisible by M by Cor. 1 of 
§ 2. 

The case g=1 yields the important 

TuEorEM 8. If na=nb (mod m) and if n is prime to m, 
then a=b (mod m). 

6. Least residues. When m is given, any integer k may 
be expressed in the form gm+r, where 0Sr<m. This r is 
called the least residue of k modulo m. Hence 0, 1,..., 
m—1form a complete set of least residues modulo m. 

THEOREM 9. Jf a and b>0 are relatively prime and r is 
any integer, the least residues modulo b of 


(2) r, a+r, 2a+r,..., (b—1l)a+r 


are 0, 1,..., 6—1 rearranged. 

Since there are b numbers (2), we need only prove that 
no two of them have the same least residue. When 0Ss<b, 
0<t<b, let sa+r and ta+r have the same least residue. 
Then sa=ta (mod b). By Theorem 8, s=¢ (mod b). Hence 
s=t. 

7. Fermat’s theorem. 


THEOREM 10. If p is a prime and a is not divisible by p, 
then 


(3) a’1=1 (mod p). 
For r=0, Theorem 9 states that a, 2a,..., (b>—1)aare 
congruent modulo 6 to 1, 2,...,b—1 rearranged. By 


Theorem 6, the product of the numbers in the first set is 
congruent to that for the second set: 


@14152+-- 6—-1l=1-2- . . Goa” Gnade 


For the case in which b is a prime p, 1-2-- - (b—1) is 
relatively prime to b and may be deleted from the two 
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members of the congruence by Theorem 8. We get (3). 
Fermat stated his theorem in 1640. This proof was first 
ziven by J. Ivory in 1806. 

8. Euler’s > function. When m is a positive integer, 
let ¢(m) denote the number of positive integers not exceed- 
ing m which are relatively prime to m. Thus ¢(1) =¢(2) =1, 
p(3) = $(4) =2. 

THEoREM 11. If a and b are relatively prime positive 
integers, 


(4) (ab) = $(a)-¢(0) . 
The integers =>0 and <ab are given without repetition 
by ag+r for r=0, 1,...,a—1 and g=0, 1,...., b—1. 


Evidently ag-+r is prime to a if and only if r is prime to a. 
Let r: be a fixed one of these ¢(a) integers r. Then 


m1, G@tn, 2atn,..., (6—latn 


include exactly ¢(b) numbers prime to b by Theorem 9. 
This proves that each of the ¢(a) numbers r of type 71 
yields exactly ¢(6) numbers ag+ 7 which are prime to both 
1 and b and hence to ab. But there are ¢(ab) such numbers 
zg+r. This proves (4). 

We next prove that, when p is a prime, 


(5) o(p*) =p*(1—1/p) . 


Of the positive integers not exceeding p*, those not prime 
Lo p* are evidently the multiples of p, viz., 


Bal 2h OMe eg PP 
Hence ¢(p*) = p*—p*!. From (4) and (5) follows 
THEOREM 12. If pi,..., py are the distinct prime fac- 
‘ors of m, 


6) (mm) =m(1-—) (1-=) ae (1---) 
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9. Euler’s generalization of Fermat’s theorem. 
TuroreEM 13. If a is prime tom and m>0, 


(7) av™=1 (modm). 


Let the n=¢(m) positive integers which are prime to m 
and are not greater than m be denoted by 


(8) Qj, A2,..+,An. 
If a is prime to m, we shall prove that the products 


(9) QQ), O02, .. . 7 Ole 


are congruent modulo m to the numbers (8) rearranged. 
For example, if m=8, a=3, the numbers (8) are 1, 3, 5, 7, 
while 


3-1=3, 3-3=1, 3-5=7, 3-7=5 (mod8). 


Each aa; is prime to m and hence is congruent modulo 
m to some number (8). If aa;=aa; (mod m), then a(a;—a,) 
is divisible by m and the same is true of a;—a;, whence 
a; = Qj. 

Hence the product of the numbers (8) is congruent 
modulo m to the product of the numbers (9). By Theorem 
8, the common factor aidz2 . . . d, may be deleted from the 
two products since it is prime to m. We obtain (7), which 
becomes 3‘=1 (mod 8) in the example. Euler announced 
his theorem in 1760. 


EXERCISES II 


1. If p is a prime and a is any integer, a? =a (mod p). 

2. Prove Ex. 1 by expanding (1+1+ ... +1). 

3. Any integer n is congruent modulo 9 to the sum s of its 
digits, since 10*=1 (mod 9). Replacing n by s is called “casting 
out of nines.” 


4. If p is a prime, ¢(1)+¢(p)+¢(p)+ ... +4(p*) =pe. 
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5. Hence by using Ex. I, 5, 6, show that =¢(d)=m, where d 
ranges over all divisors of m. 

6. If P is the product of the distinct prime factors common 
to m and n, then ¢(mn) = P¢(m)¢(n)/¢(P). 

7. The number of irreducible fractions not greater than 1 and 
having denominators not greater than n is ¢(1)+...+¢(n). 

8. If n>1, the sum of the positive integers less than n and 
prime to n is 3n ¢(n). 

9. If a is prime to m, ar+my=c has the solution x=ca*, 
y= +cqg, where k=¢(m)—1 and q is the integral quotient of 
am) —1 by m. 

10. Verify the following cases in which a* =a(mod n) with n 
not a prime: a=2, n=11-31 (2%=1), n=19-73, m=23-89, » 
n=37-73, n=31-151, n=3-5-43, n=3-11-17, n=7-13-19; 
a=3, n=7-13(3°=1), n=11285=1), n=11?-31, n=11?-61; 
a=19, n=13? or 13?-7?; a=18, n=7?-19-37?. 

11. Prove the following true converse of Fermat’s theorem: 
Tf a*—1 is divisible by n when s=n—1, but not when zis a factor 
<n—1 of n—1, then n is a prime. Hint: If n were composite, 
¢(n) <n—1, and a7=1 (mod n), where g is the g.c.d. of n—1 and 
¢(n) and hence is a linear combination of them. 


CHAPTER II 


THEORY OF CONGRUENCES 


In this chapter we shall treat topics which are not only 
essential to all parts of the theory of numbers, but are re- 
quired in various other branches of mathematics. 

10. Definition of roots of congruences. Let the coefii- 
cients of 


(1) f(x) =aoxr’ +aiz7 1+ ... +a,=0 (mod m) 


be integers not all divisible by m. If ¢ is an integer such 
that f(c) is divisible by m, c is called a root of the congru- 
ence (1). 

If k=c (mod m), Theorem 6 shows that f(k)=f(c)=0 
(mod m), whence also k is a root of (1). But such congruent 
roots are identified in counting the number of distinct roots. 
For example, z?=1 (mod 5) has only two roots r=1 or 4 
(mod 5). 

If a is not divisible by m, (1) is said to be a congruence 
of degree r. But 1223+22?+-2—3=0 (mod 4) is of degree 2. 

11. Linear congruence. In a congruence of the first de- 
gree, 


(2) ax=l (modm), ¢e 


a is not divisible by m. In case a is prime to m, (2) has one 
and only one root. For, by multiplying each member by a 
power of a and applying Theorem 18, we get 


(3) z=la* (mod m), e=¢(m)—1. 


A second method employs the existence (§ 2) of integers 
s and ¢ such that sa+tm=1, whence x=sl (mod m). 
Next, let a and m have the g.c.d. g. If lis not divisible 
10 
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by g, (2) evidently has no root. Suppose, however, that 
lis divisible by g and write 


a=gA , l=gL, m=gM . 
Then (2) requires that 
(4) Az=L (mod M). 


Since A and M are relatively prime, there is a single root X 
of (4). The integers satisfying (4) are all of the form 
x=X-+kM. For every integral value of k, this x satisfies 
(2). But X+kM and X+k’M are congruent modulo m 
(and count as the same root) if and only if (k—k’)M is 
divisible by m=gM, and hence if k=k’ (mod g). We there- 
fore restrict k to the values 0,1, ...,g—1. This proves 

THEOREM 14. The congruence ax=Il (mod m) has no root 
or g roots, according as the greatest common divisor g of a and 
m is not or is a divisor of l. In the second case, there are 
exactly g roots, viz., 


(6) X, X4+",. x4+27,..., X+@-07 
g g g 

where X is the unique root of 
(6) e Bey (moa 7) : 
g g g 


For example, consider 12x=8 (mod 20). Then g=4 
and (6) is 3r=2 (mod 5), whose root is X =4. Hence 7=4, 
9, 14, 19 (mod 20). 

12. Chinese remainder theorem. 

TueoreM 15. If mi,..., 7 are relatively prime in 
pairs, there exist integers x for which simultaneously 


(7) L=a; (mod m),... , L=A; (mod m) . 


All such integers x are congruent modulo m=mymz. . . ™M. 
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Set m=m,M,=...=m,M, Then M, is prime to 
m,,..., M;is prime to m, Hence we can determine inte- 
gers i,..., #, Such that 


Miyi=1 (mod m),..., Miu=1 (mod m) . 

Then congruences (7) are all satisfied if 
z=Myiait... +Mina . 

In fact, since Mo, ..., M; are all divisible by m, 
2=M wia,=a; (mod m) . 


Similarly, c=Mjw,.a,=a, (mod m:) . 
The difference between two solutions of (7) is divisible 
by m, ..., mand hence by their product m. 


EXERCISES III 

1. Find the least two positive integers having the remainders 
2, 3, 2 when divided by 8, 5, 7, respectively. Answer: 23 and 128 
by Sun-Tsi, first century A.D. 

2. Find a number having the remainders 5, 4, 3, 2 when di- 
vided by 6, 5, 4, 3, respectively (Brahmegupta, seventh century). 

3. Find a multiple of 7 which has the remainder 1 when di- 
vided by 2, 3, 4, 5, or 6 (Ibn al-Haitam, about 1000 a.p.) 

4. If a number is expressible in each of the forms mn;+a; 
(i=1,..., 8), it is of the form mn+z, where «x is determined 
modulo m=m,...™. 

5. If L is prime to M, an integer x can be chosen so that 
L+-Mr is relatively prime to any assigned integer n. Hints: Let 
P1,---+, px be the distinct prime factors of n. Take z;=0 or 1, 
according as L is not or is divisible by p;. Then L+Mz; is not 
divisible by p;. Choose x=2,(mod py), ... , ©=ax (mod pj). 


13. Number of roots of a congruence. 
THEOREM 16. If m,..., are relatively prime in 


pairs and m 1s their product, the number of roots of (1) is the 
product of the numbers of roots of 


(8) = f(z) =0 (mod m), . . . , f(x) =0 (mod ™m) . 
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Every root of (1) is a root of each congruence (8) and 
hence gives a unique set of roots of them. Conversely, if 
a,..., a are roots of the respective congruences (8), and 
if x is found from (7), then z is a root of (1) since f(z) = 
f(a) =0 (mod m,). > 

Take mi, ..., mas the powers of the distinct primes 
dividing m. Hence the study of congruences is reduced to 
the case of a power of a prime as modulus. 

THEOREM 17. Let p be a prime not dividing c. If p>2, 
the number of roots of 
(9) x?=c (mod p*) 


as the same as the number (0 or 2) of roots when n=1. If 
p=2, n=3, there is no root or are just four roots, according 
as c41 or c=1 (mod 8). If p=2, n=2, there is no root or 
are two roots, according as c=3 or c=1 (mod 4). 

Let p>2, n=2. Each root of (9) satisfies 


(10) x?=c (mod p*™"}) . 


Hence if ranges over the roots of (10), every root of (9) is 
included among the numbers 
(11) é+sp" G=0;.1,....;p-—-1) ; 
Such a number is actually a root of (9) if and only if 
q+2st=0 (mod p), where #&=c+p"1q. Since 2é is prime 
to p, this linear congruence determines s uniquely. 

Let p=2, n=3, and c be odd. If (9) is solvable, then z 
is odd and 1=2z?=c (mod 2°). Conversely, let c=1 (mod 8). 
Then if (9) has at least one root 7, it has exactly four roots 
x. For, x and r are odd and (x—r)(x+r)=0 (mod 2”). 
Thus 3(x—r) and 4(x+r) are integers whose product is 
divisible by 2”-? and whose difference r is odd; hence one 
of them is odd and tke other is divisible by 2”-*. Thus 
x=-+r (mod 2"), whence 
(12) v=tror +(r+2"") (mod 2"). 
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These four numbers are incongruent modulo 2” and are 
roots of (9). In other words, the 2” odd, positive integers 
x<2”" separate into 2”-* sets of four such that the squares 
of those in the same set have the same positive residue 
c<2", while those in different sets yield different residues. 
Since we therefore reach 2”~* distinct residues c, and since 
there are in all 2”-* integers c for which 0<c<2" and c=1 
(mod 8), the process yields every such c. 

The number of roots of 2?=c (mod M) can be found by 
Theorems 16 and 17. See Theorems 60 and 63. 

14. Congruence with a prime modulus p. Let 


(13) f(z) =ca’+... =0, c¥40 (mod p), 


have the root a. By the algebraic division of f(x) by r—a 
we obtain a quotient f:(z) of degree r—1 and a remainder 
r1=f(a) which is divisible by p. Thus 


F(z) =(a@—-a)fiz)+r1, — 1=0 (mod p). 
If (13) has the root 8, where B4a (mod p=), then 
0=f(6)=(6—a)fi(8) (mod p). 


Hence f,(8)=0 and 8 is a root of f:(z)=0 (mod p). Apply- 
ing to the latter congruence the foregoing argument, we 
see that 


fiz) = (@—B)fo(x)+re , r2=0 (mod p) . 
Hence 
f(t) = (@—a) (4-8) fo(x) +re(e@—a) +r. 


Proceeding similarly, we see that if (13) has exactly n 
incongruent roots a, B,..., A, then 


(14) f(e) =(@—a)(@—B) . . . (@—2) fala) +pF, (a) , 
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identically in x, where f, and F, are polynomials having 
integral coefficients. The leading coefficients of fi, ... , fn 
are c#o (mod p). In particular, this proves 

TuHEorEM 18. For a prime modulus, a congruence of de- 
gree r has at most r incongruent roots. 

If it has r distinct roots a, ..., d, then 


(15) f(@w) =c(w—a)(z—) .. . (@—2)+ F(z) , 
identically. For example, Fermat’s theorem now gives 
(16) 2 t—-1=(4—1)(r@—-2) ... (rx—p+1)4+pF(z) . 


This identity was given by Lagrange in 1773. It proves 
TuHeEoreM 19. If s; is the sum of the products of 1,..., 
p—1 taken] at a time, then 


s5=0 (G<p—-1), sp1=—1 (mod p). 


Multiple roots are readily treated. Any root of f, (x) =0 
(mod p) in (14) is a root of (13) and hence occurs among 
a,...,A. Treating f, as we did f, we ultimately get 


(17) f(@)=(@—«)*(@—B)’ .. . @—d)'q(u) +R) , 


identically in z, where g and RF are polynomials with inte- 
gral coefficients, and g(x) =0 (mod p:p) has no root. We calla 
a root of multiplicity a of f(x) =0 (mod p). 

THEOREM 20. When the modulus is a prime, a congru- 
ence of degree r has at most r roots, a root of multiplicity m 
being counted as m roots. 

In case f(x) =0 has exactly r such roots, g(x) in (17) is 
the constant c. 


EXERCISES IV 
1. Theorem 19 includes Wilson’s theorem: If p is a prime, 
then 1+1-2-3...(p—1) is divisible by p. Prove the converse. 
2. If p is a prime 4n+1, then (2n)! is a root of #=—1 
(mod p). Use Wilson’s theorem. 
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3. Each of z2=—1 (mod 65), 2? = —2 (mod 33) has four roots. 

4. Generalize the proof of Theorem 17 and show that if 
tis a root of f(z) =0 (mod p*—), (11) is a root of f(x) =0 (mod p”) 
if and only if sf’(t)=—f(#)/p"— (mod p). Hence to each root 
corresponds a single root of the latter if f’(¢) #0 (mod p), but 
either no root or p roots if f’(£) =0 (mod p), whence p divides the 
discriminant of f(x). 

5. Prove that Theorem 16 holds when f is a polynomial in 
several variables. 

6. Extend Ex. 4 to f(a1, ..., %x). 


15. Theorem 21. If p 7s a prime and d is a divisor of 
p—1, there are exactly d roots of 


(18) x*=1 (mod p). 
We employ the algebraic identity 
a *—1=(24—-1)Q(@) , 


where Q(x) is a polynomial of degree t= p—1—d with inte- 
gral coefficients. Since Q(x) =0 (mod 7p) has at most ¢ roots 
by Theorem 18, while, by (16), z7-!—1=0 has exactly p—1 
roots, (18) has at least p—1—t=d,roots. By Theorem 18, 
(18) has at most d roots; hence it has exactly d roots. 

16. Belonging to exponent. Let a be prime to m. By 
Euler’s theorem, a*=1 (mod m) when n=¢(m). If e be the 
least positive integer such that a?=1 (mod m), a is said to 
belong to the exponent e modulo m. For example, —1, 2, and 
3 belong to the respective exponents 2, 3, and 6 modulo 7. 

THEOREM 22. If a belongs to the exponent e modulo m, 
then at=a‘ (mod m) if and only if s=t (mod e). 

We may assume that s=¢. Write s—t=eq+r, 0Sr<e. 
Since a is prime to m, 


1=a* ‘= (a’)¢a’=a" (mod m) , r=0. 


§ 16] BELONGING TO EXPONENT 17 


The case t=0 yields 


THrorEM 23. If a belongs to the exponent e modulo m, 
then a*=1 (mod m) if and only if s is divisible by e. 

In view of Euler’s Theorem 13, ¢ is a divisor of $(m). 

TuroreEM 24. If a and b belong to relatively prime ex- 
ponents e and f modulo m, then ab belongs to the exponent ef 
modulo m. 

Let ab belong to the exponent g modulo m. Then 


(ab)7=1, 1=a%b“=b" (mod ™m). 


By Theorem 23, eg is divisible by f. Hence g is divisible by 
f. Similarly, g is divisible by e. Hence g is divisible by ef. 
Thus gZef. But gSef since 


(ab) = (a*)/(b’)*=1 (mod m) . 


Hence g=ef and the theorem is proved. 

Let the modulus be a prime p. Then the exponent to 
which an integer belongs is a divisor of ¢(p)=p—1. 

THEOREM 25. There exist exactly 6(e) incongruent num- 
bers modulo p (a prime) which belong to any given divisor 
e of p—1 as exponent. 

First, let e=q*, where qg is a prime. By Theorem 21, 


(19) gv=1 (mod p) 


has ¢* distinct roots. Let the root z; belong to the exponent 
e;, By Theorem 23, e; is a divisor of g* and hence is a power 
of g. If e:<q’, zi is therefore one of the d=¢“ roots of 
z4=1 (mod p). There are g*—g*1=¢(¢) roots of (19) 
which do not satisfy the latter congruence. Each such root 
belongs to the exponent q’. 

Let e be any divisor of p—1. Express e as a product of 
powers of distinct primes. By Theorem 24 and the case 
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just treated, we conclude that there exists an integer a 
belonging to the exponent e. Then no two of the e numbers 


2 1 
Lea a eae 


are congruent modulo p in view of Theorem 22. Hence 
they give all the roots of 2°=1 (mod p). 

To prove our theorem it remains to show that a root 
a" belongs to the exponent e if and only if n is prime to e. 
First, if n be prime to e, then (a”)'=1 (mod p) requires that 
nl be divisible by e by Theorem 23, whence J is divisible 
by e, and a” belongs to the exponent e. Next, ifn and e have 
a common divisor d>1, then 


(a)¢/4= (a*)"/4=1 (mod p) , 
and a” belongs to an exponent Se/d<e. 


EXERCISES V 


1. If p is a prime distinct from 2 and 5, and if 0<a<p, the 
fraction a/p can be expressed as a pure circulating decimal, and 
the number of digits in the period is the exponent to which 10 
belongs modulo p. 

2. If a, b, m are relatively prime in pairs and if / is the least 
positive integer such that a! is congruent to a power of 6 modulo 
m, then 1 divides ¢(m). Hint: Employ the g.c.d. g of l= Lg and 
¢(m)=qg, and a solution k of Lk=1 (mod q). Then av=a* 
(mod m). 

3. If ais prime to M=I1p;* and a“ =a (mod M), and a be- 
longs to the exponent ¢; modulo 7;, then 


M 
—, =1 (mod &), a”*=a (mod p*) 
Di" 
for each 7. Conversely, these imply a“ =a (mod M). 

17. Primitive roots. For e=p—1 the last theorem 


shows that there exist exactly ¢(p—1) incongruent integers 
which belong to the exponent p—1 modulo p (a prime); 


§ 17] PRIMITIVE Roots 19 


they are called primitive roots of p. For example, 2 and 3 
are the primitive roots of 5. 

Next, consider a composite modulus m. We saw that 
any integer a prime to m belongs to an exponent which is a 
divisor of ¢(m). If this exponent is ¢(m) itself, a is called 
a primitive root of m. Which numbers m possess primitive 
roots? 

Let m=mym2... m,, where mi, .. . , mM, are powers of 
distinct primes. Let J be the least common multiple of 
(m1), ..., (mm). By Euler’s theorem, a?) =1 (mod m,), 
whence a’=1. Since a'—1 is divisible by each m,, it is 
divisible by their product m. 

When p is a prime, ¢(p") =p""(p—1) is even if p>2 
and if p=2, n=2. Thus ¢(p”) is even if p*>2. Hence if 
two of our m; exceed 2, the least common multiple 1 of 
$(m1), ..., &(m,) is less than their product ¢(m). Then 
there exist no primitive roots of m since a‘=1 (mod m). 

Let therefore no two of our m; exceed 2. Then m is 
either a power of a prime =2 or the double of a power of 
an odd prime. 

Evidently 3 is a primitive root of 27. But there is no 
primitive root of 2", n=3. For, when a is odd, 


@=148b, af=1+16c,..., a” =1+4+2h, 
ont 34(20) . 

To show there exist primitive roots of p*, where p is an 
odd prime, start with any primitive root p of p. By 
Fermat’s theorem, p?—p is a multiple cp of p. Take any 
integer ¢ such that o—t is not divisible by p. Employ 
r=p-+pt, which is a primitive root of p such that 
(20) r?-1_] is not divisible by p’. 
In fact, the binomial theorem gives 

r?=p? (mod p?) , 1r?—r=p(co—t)40 (mod p?) . 
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Thus 7?-!1=1-+-kp, where k is not divisible by p. By the 
binomial theorem, 
(21) (1+-kp’)?=1+kp (mod p*”) , 721. 
The case j7=1 shows that 
(22) (r?1)?* =1+kp**! (mod p***) 


holds when s=1. Granting (22) for a certain s, and apply- 
ing (21) with 7=s+1, we conclude that (22) holds when s 
is replaced by s+1. Hence (22) holds for every s. For 
s=n-—2, it gives 

r'=1+kp""1 (mod p*), f=(p—1)p*”. 


Let r belong to the exponent e modulo p”. Then e di- 
vides $(p") =(p—1)p”". But e is a multiple of p—1, since 
r¢=1 (mod p) and r is a primitive root of p. If e<¢(p"), e 
would divide f, whence 7r‘=1 (mod p*), contrary to the 
preceding. Hence e=¢(p”) and r is a primitive root of p”. 

Finally, let m=2p", where p is an odd prime. Employ a 
primitive root r of p”. Let g be that one of the numbers r 
and r+p” which is odd. If g belongs to the exponent e 


modulo m, then 
r=g°=1 (mod p”) , 


whence ¢ is divisible by ¢(p") =¢(m). But eX<¢(m). Hence 
e=¢(m) and g is a primitive root of m. 

THEOREM 26. There exist primitive roots of m if and 
only af mis 2, 4, p", or 2p", where p is an odd prime. If ris a 
primitive root of p for which (20) holds, then r is a primitive 
root of p”. 

The least primitive roots of primes $25,409 have been 
tabulated.* 

* Proc. London Math. Soc., XXI1 (1922), 350-58; when p=8,011 
read g=14 for g=13. To 5,000 in Acta mathematica, XVII (1893), 
315-20; XX (1896), 143-57; XXII (1899), 200. To 6,200 in Wert- 
heim’s Anfangsgrtinde der Zahlenlehre, 1902. 
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EXERCISES VI 

1. The least residues modulo 41 of the successive powers of 
2 are 2, 4, 8, 16, 32, 23, 5, 10, 20, 40 =—1, whence 2 belongs to 
the exponent 2-10. Similarly, 3 belongs to the exponent 2-4. 
Hence 2‘ and 3 belong to the relatively prime exponents 5 and 8. 
Thus 2‘-3=7 (mod 41) belongs to the exponent 40, and 7 is a 
primitive root of 41. 

2. Find primitive roots of 7? and 2-72. 

3. A primitive root a of p” is a primitive root of p. Hint: 
Let a belong to exponent e modulo p and show that a* =1 (mod p”) 
for k=ep"—!, 

4, A primitive root r of p is a primitive root of p only when 
(20) holds. Hint: Write r°>-!=1+kpS, where k is prime to p. 
By (21) show that r‘=1 (mod p*) for t= (p—1)p"-S. Butt <¢(p") 
un S>1. 

5. There are (p—1)¢(p—1) primitive roots of p” incongruent 
modulo 7. 

6. There are exactly ¢{¢(p”)} primitive roots of p”. 

7. There are as many primitive roots of 2p” as of p”. 

8. The product of all primitive roots of a prime p>3 is 
=1 (mod p). 


18. Residual polynomials and congruences. We shall 
obtain interesting results which, however, are not. needed 
later in this text. 

A polynomial f(x) with integral coefficients which is 
divisible by m for every integral value of z is called a 
residual polynomial modulo m. We then write f(x) =0 
(mod m), and call this a residual congruence. For example, 
if p is any prime, x?—x=0 (mod p). 

Another problem is to find the polynomials with ra- 
tional coefficients which have integral values for all inte- 
gral values of x. Bring the coefficients to their least com- 
mon denominator m. Hence this problem reduces to the 
former. 
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We readily find all residual polynomials f(z) modulo p, 
a prime. Then f(x)=0 (mod p) has the roots, 0, 1,..., 
p—1, and (14) gives an identity 

f@)=Pq(a)+pG(x), P=2x(z—-1)...(@—ptl). 
By (16), 22—x=P+pH(z). Elimination of P gives 
(23) f(x) = (a? —a) u(x) +po(a) . 

This proves the case n=1 of 


TurorEM 27. IfnSp, every residual polynomial modulo 
p” 1s of the form 


(24) do" *@r—2) fel) , 
k=0 


where the f;,(x) are polynomials with integral coefficients. 

To proceed by induction on n, let the theorem hold for 
a certain n and prove it for n+1Sp. Let f(x)=0 (mod 
p*1), Since this holds also modulo p”, f(x) is of the form 
(24). For any integer x, x?—x=py, where y is an integer. 
Write Z=y—z. By the binomial theorem, _ 

(x+-pz)?=a?=x+pet+pZ (mod p’), 
[a+ pz)? — (e+pz)]' = (pZ+tp’)*=p*Z* (mod p***) . 


Replacing « by x+ pz in (24), we get 
ferp2)= Dp 'p Zhe e+ 2) (mod p"™) . 
k=0 


But f(z+pz) is divisible by p+! for every x and every 2. 
Hence 


>\fule)Z*=0 (mod p) 
k=0 


for every integer Z. This congruence of degree Sn<p in Z 
has therefore p roots. By Theorem 18 this is impossible 
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unless each coefficient is divisible by p for every x. Hence 
each f,(x) is of the form (28). Insertion in (24) yields a 
result of type (24) with n replaced by n+1. Hence the 
induction is complete. 

Further principles are required in the study of a general 
modulus m. Let 1=,u(m) denote the least positive integer 
for which yu! is divisible by m. For example, u(p)="p; 
u(pi...pr)=Dx if pi, po, ..., Dy are distinct primes in 
ascending order of magnitude; u(p") =pn if* n<p. 

Since the same variable z is used throughout, we do not 
exhibit it in the abbreviation 


(25) Ii(k) =a(4—1) ... (e@—k+1), 

when k is a positive integer. Since the binomial coefficient 
) is an integer for every integral value of x, II(u) is divis- 
ible by yw! and hence by m. Thus 

(26) II(u(m))=0 (mod m). 


In (26) we may replace m by any new integer and hence 
by any divisor d of m. Then multiplication by m/d yields 


(27) “11(u(d)) =0 (mod m), if d divides m . 


When d=1 we interpret the left member to mean m. 

For example, when m=6 the cases d=6, 2, 1 yield »(6)=3, 
u(2) — 2, and 
(28) 2x(x—1)(r—2)=0, 32(e—-1)=0, 6=0 (mod 6), 
while d=3 yields (3) =3, 2x(a—1)(«—2)=0, which is a conse- 
quence of (28:). 


*But if n=p, the determination of » without trial requires a 
complicated computation explained by Kempner, Amer. Math. 
Monthly, XXV (1918), 209. If Pi,..., Px are powers of distinct 
primes, u(P:... Px) is the largest of u(P1), .. . , u(Pé). 
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To illustrate our next problem, we shall find every ea?+-bz+¢ 
=0 (mod 6). By use of z=0, 1, —1, we get 
c=0, a+b=0, a—b=0, 2a =0 (mod 6) , 
whence a=3A, b=—3A (mod 6). Thus az?+bzr-+c is a linear 


combination of 32(~—1) and 6. 


I. Any polynomial f(x) =2c,xz* of degree n can be ex- 
pressed in one and but one way in the form 


n 


(29) ay-+axt-+ar(3) +--+. +a, (7) ; 


This follows when n=1 by taking a=, ai=c:. To 
proceed by induction from n—1 to n, we assume I for all 
polynomials of degree n—1. Then 


(30) flc)—nlen (a 
lacks x” and hence is expressible uniquely in the form 
(31) At+ayz+--> +a,-1(,,7 4) 5 
Define a, to be n!c,. Hence f(x) is identical with (29). 
Henceforth, let every c; be an integer. Then 
i a,;/t! is an integer for 7=0,1,..., 7. 


Assume that II holds for all polynomials of degree <n—1. 
Since the last part of (80) is —c,a(~@—1) ... (ec—n+1), 
(30) is identical with a polynomial having integral coeffi- 
cients. By (31), II holds for 7<n—1. Also, a,/n! is the 
integer Cn. Hence the proof of II by induction is complete. 
The a,’s are all integers by II. 
For z=0, 1, 2,..., n, the values of (29) are 


Go, Ao +a1, Ao+2ai+ae,..., d+... +dn. 
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If these are all divisible by m, the same is true of do, ai, . 
Gm. Let a; denote the integer a;/m. This proves 

III. Every residual polynomial modulo m is of the 
form 


(82) maot >) AglI(k) , Ag=may/kt , 
k=1 


ba J 


where each a; and A, is an integer. 

We seek the least positive integer n for which A,=1, 
i.e., ma,=n!. Since n! is divisible by m, the least n is 
u(m). In view also of (26), this proves 

IV. u(m) is the minimum degree of a residual poly- 
nomial modulo m whose leading coefficient is unity. 

Let d be any divisor of m. Then p(d) is the least n for 
which A,=m/d, i.e., dan=n!. In view also of (27), this 
proves 

V. If dis any divisor of m, u(d) is the minimum degree 
of a residual polynomial modulo m whose leading coefficient 
is m/d. 

Let P=cx"+ --- be any residual polynomial of degree 
n modulo m. Let g denote the g.c.d. of c=gC and m=gM. 
Then C is prime to M, and CL=1 (mod M) has a unique 
solution L. Then every integer satisfying Cz=1 (mod M) 
is of the form z=L+My. By Ex. III, 5, we can choose an 
integer y so that zis prime tom. Then 2Z=1 (mod m) hasa 
solution Z. Thus 


cz=gCz=9, 2P=Q=gr"+---, P=ZQ(modm). 


This proves 

VI. Any residual polynomial modulo m is term by term 
congruent modulo m to the product of an integer prime to 
m by a residual polynomial whose leading coefficient is a 
divisor of m. 

Weshall define the chain of residual congruences modulo 
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m. For m=6, the chain is (28), with no entry for the divisor 
3 since u(3) = (6). To treat also the example m= 16, note 
that its divisors >1 are 16, 8, 4, 2, while u(16) =6, »(8)= 
u(4)=4, w(2)=2. When d=16, 8, 2, and 1, (27) gives the 
chain 


(33) a(a—1)--- (e—5)=0, 2a(x—1)(a—2)(a@—3)=0, 
8x(x—-1)=0, 16=0 (mod 16). 


The omitted case d=4 leads to the double of the second 
congruence. 

For any m we separate its divisors d>1 into sets such 
that u(d) has the same value for all the d’s of a set, but 
different values for d’s of different sets. We discard all but 
the largest d of a set. Let di, ...,d; denote the divisors 
that remain. Arrange them so that u(di),..., u(ds) are 
in order of decreasing magnitude. Then (27) with d=d., 
...,4;, together with m=0 are said to form the chain of 
residual congruences modulo m. 

That all residual congruences are consequences of those 
of the chain follows from 

THEOREM 28. Every residual polynomial f(x) modulo m 
is a sum of products of m and m/d;-M1(u(d;)) fori=1,...,8 
by polynomials in x with integral coefficients.* 

By VI, f(x) =m¢(x)+ZF (x), where Z and the coeffi- 
cients of $(x) are integers, while F(x) is a residual poly- 
nomial modulo m of degree’n in which the coefficient of x” 
is m/d. If d=1, the term Zmz" may be combined with 
mo, and Z(F—mex") taken as the new ZF. Hence let 
d>1. Then disina set having a certain maximum divisor 
d; of m such that u(d) = u(d;). Write I for I(u(d)). By (27) 

* Due to Kempner, Trans. Amer. Math. Soc., XXII (1921), 240- 
88, who gave a different proof. A redundant theorem permitting all 


I(k), k=1,..., u(m), had been proved by Nielsen, Nieww Archief 
voor Wiskunde (ser. 2), X (1913), 100-106. 
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the products of II by m/d and m/d; are =0 (mod m). Let 
g be their g.c.d., which is a linear combination of them. 
Hence gIl=0 (mod m). In m/d;=gQ, Q is an integer. Thus 
g is the integral quotient of m by d,Q. By V, u(d,Q) is the 
minimum degree of a residual congruence modulo m whose 
leading coefficient is g. But gI[=0 is of degree u(d;). Hence 
u(d,;) = w(d;Q). The latter is the least integer M such that 
M! is divisible by d;Q. Then M! is divisible by d,, while 
u(d;) is the least integer w for which yu! is divisible by d,. 
Hence M2=uyu. The two inequalities give u(d;Q)=n/(d,). 
Unless Q=1 this would contradict the definition of d; as 
the maximum of its set. Thus Q=1, and m/d;=g is a 
divisor of m/d. Let q denote the integral quotient. Hence 


(34) qu(u@)=9 + 7 M(u(d) . 


The second factor on the right is one of the functions per- 
mitted in the theorem. 

We return to F(x) =(m/d)a"+---. By V, nZn(d). 
Hence the product of (34) by a power of x has the same 
leading term as F(x). The difference is a residual poly- 
nomial modulo m of degree <n. We apply to it the argu- 
ment made for the initial f(x). Since the degree is lowered 
at each step, the process finally leads to a difference which 
is zero. Hence the theorem is proved. 

If f(x) —g(x)=0 (mod m), we call f and g residually 
congruent modulo m and write f=g (mod m). 

By a reduced system of polynomials 7;(z) modulo m, we 
mean a system having least coefficients 2 0 such that every 
polynomial with integral coefficients is residually congru- 
ent modulo m to one and only one of the 7. 

Theorem 28 shows that such a reduced system exists 
for every m>0 and indicates the method of finding it, as 
will be evident from Exs. 1-4. 
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EXERCISES VII 


1. By use of (28) show that the reduced system modulo 6 is 
composed of the az?+-bx-++c, where a=0, 1, or 2, while 6 and c are 
chosen from 0, 1,..., 5. 

2. By (33), the reduced system modulo 16 is composed of the 
ax>+bat+ca?+dz?+ex+f, where a=0, 1; b=0, 1; ¢ and d are 
chosen from 0, 1,..., 7; and e and f from 0, 1,..., 15. 

3. The chain of residual congruences modulo 3-5-11 is 


10 4 2 
n(e—i)=0, 11 U(@—)s0, 550 (@—i)=0, 165=0. 
7=0 ‘= i= 


The reduced system is aior!°+ ... +40, where ay, ..., a=0, 
1,..., 10; a4, as=0, 1, ... , 54; ae, G1, =O, 1,... , 164. 

4. Deduce Theorem 27 from Theorem 28. Hints: By (16), 
P=((p)=2?—2+pq, 1(2p)=P(P+ pl) since r—(p+s) =z—s 
(mod p); (3p) = 1(2p)(P+ pr), ete. Show by each theorem that 
the reduced system modulo 7° is dx+ ...-+ao, where 
diss + « Gu=0, 5 CTS Gis ea, ee eae 
ao=0,; eeey 7-1. 

5. For m=p, 5?, or 42, there are p?, 5, or 273877 polynomials 
in the reduced system. 

6. To which reduced polynomial is x>+10224+-52?—232+38 
residually congruent modulo 5, 7, 42, or 25? 

7. c4+323+252+1 is residually congruent modulo 30 to 
any f(z) having f(0) =1, f() =0, f(2) =1, (3) =28, f(4) =9, f(5) 
=16 (mod 30). 

8. g(x) = (x? —x)?—pP—'(aP—z) is a residual polynomial 
modulo p?+!, For n<2p+2, every residual polynomial modulo 
p” is a sum of products of 


nk = p”—*(aP—a)K(OSKSn), g(X) * dn—p—1,k-1 (1SkSn—p) 


by polynomials in « with integral coefficients. 
9. For g in Ex. 8 and n=p?+p-+1, g?—p?*—'g is a residual 
polynomial modulo p”. 
10. If m= ABC ..., where A, B,... are powers of distinct 
primes, and if g is the greatest of their exponents, then 


0(a(m) — 1) 


SAF 
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is a residual polynomial modulo m. If P, Q, R, ... are residual 
polynomials modulo A, B, C,..., respectively, then PQR..., 


m m m m 
irish pela ss AB POAT AGPRA+ ++ 
are residual polynomials modulo m. 


19. Indices. Let r be a primitive root of the prime p. 
By Theorem 22, the least residues modulo p of 


(35) 1,r,7,..., 772 


are 1,2,...,p—lrearranged. In other words, any integer 
N not divisible by p is congruent modulo p to one and only 
one of the powers (35). The exponent of this power is called 
the index of N and denoted by Ind N. Indices play a réle 
similar to logarithms. We have 


Ind NM=Ind N-+Ind M , Ind N*¥=k Ind N 
(mod p—1). 
Unlike logarithms, we here require tables for each p. 


For p<1,000 such tables occur in Jacobi’s Canon Arith- 
meticus, Berlin, 1839. 


CHAPTER III 


QUADRATIC RESIDUES AND 
RECIPROCITY LAW 


The quadratic reciprocity law is doubtless the most im- 
portant tool in the theory of numbers and occupies the 
central position in its history. Its generalizations form a 
leading topic, past and present, in the theory of algebraic 
numbers. 

20. Quadratic residues. All integers prime to m are 
separated into two sets: those which are residues modulo m 
of squares are called quadratic residues of m, while all the 
remaining ones are called quadratic non-residues of m. In 
other words, an integer k prime to m is a quadratic residue 
or non-residue of m, according as there exist roots or no 
roots of the congruence z?=k (mod m). 

For example, 1, 2, and 4 are quadratic residues of 7, 
while 3, 5, and 6 are non-residues of 7. 

Let r be a primitive root of the odd prime p. Evidently 
each even power of r is a quadratic residue of p. Converse- 
ly, since a quadratic residue k is congruent modulo p to a 
square x, and since x=r* by § 19, we have k=r*‘ (mod p). 

By Theorem 22, rs=r‘ (mod p) if and only if s=t 
(mod p—1). Since p—1 is even, no odd power of r is con- 
gruent to an even power of r modulo p. Hence all odd 
powers of r are quadratic non-residues of p. 

We therefore have the following results: 

THEOREM 29. The quadratic residues of an odd prime 
p coincide with the residues modulo p of the even powers of a 
primitive root r of p; the quadratic non-residues conicide with 
the residues of the odd powers of r. 

30 
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TuroreM 30. There are exactly 34(p—1) incongruent 
quadratic residues and 4(p—1) incongruent quadratic non- 
residues of p. 

THEOREM 31. The product of two quadratic residues or 
two non-residues of p is a quadratic residue of p. The product 
of a quadratic residue and a non-residue is a non-residue. 

We next prove 

THEOREM 32. A number not divisible by p is a quadratic 
residue R of p or a non-residue N of p if and only tf it satis- 
fies the first or second of the congruences 


(1) Rt=1, Nt=—-1(modp), r=3(p—1). 


This follows from Theorem 29 and r*™==—1 (mod 7), 
which is true since 


(r™—1)(7*+1)=0, rt™41 (mod p). 


EXERCISES VIII 


1. By (1), —1isa quadratic residue of any prime 4m+1 and 
a non-residue of any prime 4m+3. 

2. Prove that —3 is a quadratic residue of any prime 
p=3l+1 and a non-residue of any odd prime p=3/-++-2. Hint: By 
Fermat’s theorem decide when (23?—1)/(z2—1) =0 (mod p) has 
two roots or no root. 

3. Hence find the primes of which +8 is a quadratic residue. 

4. If a solvable congruence x?=c (mod n) has k roots, there 
are exactly ¢(n)/k quadratic residues of n. 

5. If k is not divisible by the odd prime p and if g is the 
g.c.d. of nm and p—1, then x” =k (mod p) has exactly g roots or no 
root, according as k‘»—))/s =1 (mod p) holds or fails. 

6. For what primes p is x3=k (mod p) solvable for every k? 


21. Legendre’s symbol. If p is an odd prime and m is 
any integer not divisible by p, the symbol (m|p) is defined 
to have the value +1 or —1, according as m is a quadratic 
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residue or non-residue of p. For example, (2|7)=1, 
(3|7)=—1, (—2|7)=—-1. 

Theorems 31 and 32 may now be expressed compactly 
as follows: 


(2) (m|p)(n|p)=(mn|p) , 
(3) (m|p)=m2—) (mod p) . 


22. The lemma of Gauss. 

THEOREM 33. If q is not divisible by the odd prime p, and 
if n denotes the number of the least positive residues modulo 
p of 
(4) q, 2g, 3g,..-, 2(9—1)g 
which exceed ¥p, then 
(5) gin)=(=—)"- 


No one of the least residues of the products (4) is zero 
and no two are equal by Theorem 8. Let ai, ..., dn be the 
residues >43p, and bi,..., b, the residues <3p, whence 
n+k=4(p—1). Evidently p—ai,...,p—Qn lie between 
0 and 3p, and no two are equal; no one of them is equal to 
one of the b;. For, if >—a=b, where a and b are the residues 
of aq and Bq, then (a +8)g=0, a+8=0 (mod p), whereas a 
and £ are positive and S3(p—1). Hence the r=}(p—1) 
numbers 


(6) P=, <P On, 0 oo 


are distinct, positive integers <4p, and therefore are a re- 
arrangement of 


(7) i Se, es 


Hence the product of the numbers (6) is equal to that of 
(7), and therefore 


(—1)"a1- + + anbi- - + b:=1-2--+a (modp). 
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Since the a; and b; together give the residues of all the 
numbers (4), 


G@i* °° Gabi > + + b=1-2-- + a-q™ (mod p). 


Hence 
(—1D*=9"~- (mod p)’. 


The second member is congruent to (q|p) by (3). This 
proves (5). 

Gauss obtained another formula of type (5). Any posi- 
tive real number z is the sum of an integral part I and a 
decimal part; write [x] for J. Thus [x] denotes the largest 
integer Sz. For example, [54]=5, [5]=5. 


Let ,...,7, denote the least residues modulo p of 
the t=3(p—1) numbers (4). Then 
(8) q=plq/pltn,..., 7g@=plrq/p]+rr . 
The sum of 1, 2,..., ais P=3(p?—1). Hence 
(9) Pq=pM+A+B, 
where A=ai+...+a,, B=bit... +z, and 
(10) M =(q/p]+[2¢/p]+ .. . +[ra/p]) . 


Since the numbers (6) form a rearrangement of (7), 
their sums are equal: 


P=pn—A+B. 
Subtracting this from (9), we get 
P(q—-1) =p(M—n)+2A=M—n (mod 2). 
If g is odd, this gives n=M (mod 2), and (5) yields 
(11) (qlp)=(-1)” = (qodd). 
If g=2, then M=0 and P=n (mod 2), whence 
(12) 2ipe=(—)er%*. 
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23. The quadratic reciprocity law. 

TuEorEM 34. If p and q are distinct odd primes, 
(13) (pla)qlp)=(-1)*, e=2—-)-3@—-). 

A geometrical proof will be given in § 24. We here pre- 
sent Gauss’s third* proof. By the symmetry of (13), we 
may take q<p. Then any term of the sum (10) is either 
equal to the term just preceding it or exceeds the latter by 
unity. The final term is equal to Q@=3(q—1) since 

™q_(p—1)q pP-4q 
es += é 
Pp 2p 2p 

If ¢ is one of 1, 2,...,Q, we seek the value of s for 

which 


[sq/p]=t—1, [(st+1)q/p]=t. 


Since s< p=, neither of the fractions in brackets is an integer. 
Hence 


sq/p<t<(st+1)q/p, 
s<tp/qg<st+tl, s=[tp/q]. 


Hence the number of terms (10) having the value t—1 is 


[tp/al-l¢—D)p/dl , 
while the number of terms (10) having the value Q is | 
7™—[Qp/q) . 


The sum of a number of equal terms is the product of their 
number by their common value. Hence 


M=0[p/q+1((2p/q]—[p/ql) +2([8p/q] —[2p/ql) + - - - 
+(Q—1)((Qp/q]—[(Q—1)p/q]) + O(a —[Qp/d]). 


* His long first proof was by induction. His second proof will be 
given in Ex. XXXVII, 6. 
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Hence if we write 


(14) N=[p/q\+[2p/q]+ - ++ +[Qp/q] , 
we have 
(15) M+N=Qr. 


Since N is derived from M by interchanging p and q, 
(11) gives (p|q)=(—1)%. From this, (11) and (15), we 
get (13). 

By Ex. VIII, 1, 


(16) (-1|p)=(-1)he™ , 
By (8) or by the definition of the symbols, 
(17) (n|p)=(m|p) if n=m (mod p) . 


We readily evaluate any symbol (n|p) by use of (2), 
(12), (13), (16), and (17). For example, let n = — 22, p=73; 
then 


(—22|73) =(—1]73)(2|73)(11|73), (—1]73)=1, 
(2|73) =1, (11/73) =(73|11) =(7|11) = —(11|7)= 
=(4)eele 


24. Geometrical proof of (15). Eisenstein gave a simple 
geometrical interpretation of M in (10) when p=2r+1 
and g=2Q-+1 are any relatively prime, 


odd integers and q<p. C E 
On square ruled paper let OA, OD, ee 
OB, and OC contain $p, 7, 39, and Q units 


of length, respectively. Figure lis drawn ~— e vA 

with p=11,q=7. Take OA as the z-axis ties} 

and OB as the y-axis. If x and y are integers, the point (x, y) 
is called a lattice point. Since the equation of the diagonal 
OE is y=(q/p)x, a vertical line x=c intersects OE at the 
point (c, gc/p). Hence if c is a positive integer, [cq/p] is the 
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number of lattice points on this vertical which lie above the 
z-axis and on or below OE. There is no lattice point within 
the segment OF since q/p is in its lowest terms. Hence M 
is the number of lattice points which lie inside the triangle 
OAE. 

Similarly, N in (14) is the number of lattice points 
which lie inside the triangle OBE. The number of lattice 
points inside the rectangle OAEB is evidently Qz. This 
proves (15). 

25. Jacobi’s symbol. Let P be a positive odd number. 
Either P=1 or P=prp2- + + pr, where p1,..., Pr are 
odd primes not necessarily distinct. Then if n is any integer 
prime to P, we make the definitions 


(18) (m{1)=1, (m|P)=(m\ pi) - + + (alp,) - 


If n isa quadratic residue of P and hence of pi, .. . , Dry 
each factor on the right in (18) is +1, whence (n|P)=+1, 
But the latter does not imply, conversely, that n is a quad- 
ratic residue of P, since an even number = 2 of the factors 
in (18) may be —1. Although Jacobi’s symbol has this 
defect, it is of great importance in theory and in computa- 
tions. 

THEOREM 35. Jf n is relatively prime to the positive, 
odd integers P and Q, then 


(19) (a P)(n|Q = (n| PQ) . 
For, if @=q1-- + qs, where the q’s are primes, 
(n| PQ) =(n| ps) ++ + (| pr)(m1 qu) - +» -(m| qe) 
=(n|P)(n|Q) . 


THEOREM 36. If m and n are prime to the positive, odd 
integer P, then 


(20) (m|P)(n|P)=(mn|P) . 


§ 25] JACOBI’S SYMBOL 37 


For, the product of (18) and 
(m|P)=(m|pi) . . . (m|pr) 
is equal, by (2), to 
(mn|p1) ++ + (mn|p,) =(mn|P) . 

THEOREM 37. When n is prime to the odd P>0, 
(21) (n| P) =(m|P) if n=m (mod P) . 

For, then n=m (mod p,) and (n|p:)=(m|pi) by 
(17) whence 

(n| P)=U(n| pi) =m pi) =(m|P) . 

THEOREM 38. If P is any positive, odd integer, 
foe LP yee (— 1) 2 P) =(—)e es. 

Since the product of two even integers is divisible by 4, 


P=0{1+(pi-1)}=14+2(pi-1) _~— (mod 4) ,, 


r 


(23) | 4(P-1)= > (pi) =s (mod 2) , 


t=1 
(-1|P)=1(-1|p) =(-)'=(-Iie, 
Similarly, since p?—1 is divisible by 8, 
P?=I{1+(p?—1)}=14+2(p;-1) (mod 64) , 


r 


r=1(P?—-1)= > A(p}-1)=0 — (mod 8), 


CIP) =N2\p)=(-1)°=(—1)*. 


TurorEM 39. If P and Q are positive, odd, relatively 
prime integers, then 


(24) (P|Q)(Q|P)=(—), e=3(P—-1)-2@Q-)). 
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For, by (18) and (20), 
(P|Q)=(Plaqi) ... (P| qs) =I(pil as) , 


where the product is taken fori=1,---,randj=1,---,8 
Likewise, (Q| P) =I(q;| pi). Hence, by (13) and (23), 


(P|Q)(Q|P)=U@ila) Gilp)=(—-DF, 


HEL CVG)- Ea Ee 


3(P—1)-3(Q—1)=e (mod 2). 


The generalized reciprocity Theorem 39 simplifies 
computations. For the example at the end of § 23, 


(—22|73) = (51|73) = (73|51) = (22|51) = —(11|51)= 
(51|11) =(—4]11)=(—1]11)=-1. 


EXERCISES IX 
1. (8|73)=1, (17|73) = —1. 
2. (195} 1,901) =—1, (74|101) = —1, (365|1,847) =1. 
3. (6|P)=1 if P=+1 or +5 (mod 24), —1 if P=+7 or 
+11 (mod 24). 
4, For P and Q as in Theorem 39, and 2P>Q, 


(£P|Q)=(—1)¥?-0(4 P|2P—Q) . 


5. When P is odd and prime to n, write (n| —P)=(n|P). 
Then (19), (20), (21), and (222) hold when P or Q is negative, 
while (22;) fails if P<0. Also, (24) holds if and only if at least 
one of the relatively prime, odd numbers P and Q is positive. 

6. Let c be a quadratic residue of the prime p, so that 2? =c 
(mod p) is solvable. If p=4n+3,2=+c"t!, Next, let p=8n+5; 
either Pp t1=1,2=+ce"+1, or mtl=—1,2=+(4n+2)!c"+1, and 
x=+}(4c)"*1. Finally, let p=16n+9. Hither entl=l,¢2= tontl. 
orc’t1=—1,2=+c"t1N*, where N is the (2n-+1)th power of any 
non-residue s p, whence N¢=—1; or c™t2=—1, z=+ABC, 
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where A=4(2n+1), B=N(N?—1), C=crt(c2nt+1_ 1) whence 
Bre2-Ct=2e 2A = —1, 

7. If pisa prime =3 (mod 4) and if m of the quadratic non- 
residues of p are <}p, then 


ROMS Seer 3(p—1) =(—1)™ (mod p) . 


_ Hint: Use Wilson’s theorem. N. ote that —1 is a non-residue. 
8. In Ex. 7 show that m of the quadratic residues are > Fp. 
9. Show by induction on n that any quadratic residue of an 
odd prime p is a quadratic residue of p*. 


CHAPTER IV 


INTRODUCTION TO DIOPHANTINE 
EQUATIONS 


26. Historical note. Diophantus, of the third century, 
proposed many indeterminate problems in his arithmetic. 
For example, he required that certain combinations of the 
sides, area, and perimeter of a right triangle shall be ra- 
tional squares or cubes. He was content with a single nu- 
merical, rational solution, although his problems usually 
have infinitely many rational solutions, and often integral 
solutions. Much earlier, Pythagoras knew how to find 
right triangles whose sides can be expressed by integers, 
i.e., to find integral solutions of 


(1) e+y=2. 

But it is not more difficult to solve the generalization (2). 
27. All integral solutions of 

(2) Aa’+y?=2 (A with no square factor >1). 

If a prime p divides y and z, then p? divides A2z?, but not A, 

whence p divides x. Removing the factor p* from (2) and 

proceeding as before, we conclude that the g.c.d. p of y and 

z divides x. Denote the respective quotients by Y, Z, X. 

Hence 

(3) AX*?+Y?=Z? (Y prime to Z) , 

(4) (2+Y)(Z—Y) =AX?. 


The g.c.d. of Z+Y and Z—Y divides their sum 2Z and 
difference 2Y and hence divides 2. According as the g.c.d. 
is 2 or 1, we have case I or II. 

Af Te u=3(Z+Y) and v=4(Z—Y) be integers whose 
g.c.d. is 1. By (4), X is even, say X=2w, and w=Avw”. 

40 
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Let m? and n? denote the largest squares which divide u 
and v, respectively. If p is a prime factor of m, then pe 
divides Aw’, but not A, whence p divides w. We see in this 
manner that w is divisible by the relatively prime numbers 
m and n and hence by their product. Write w=mnqg. Since 
the quotients a=u/m? and B=v/n? are relatively prime, 
are without square factors >1, and have the product Aq?, 
we see that g?=1. Hence 


(5) x=2pmn, y=p(am?—Bn*), z=p(am?+Bn?) , 

or x= —2pmn. The latter case reduces to (5) if we change 
the signs of p, a, 8. The solutions are (5) with a8=A, m 
and n relatively prime, positive integers, and p any integer. 

II. Let Z+Y and Z—Y be relatively prime. Hence 
they are odd and (4) excludes this case if A is even. But if 
A is odd, we find as in I that 
(6)  x=pmn, y= zp(am?—fn’), 2=Zp(am?+ Br’) , 
where aG=A, m and n are positive, odd, and relatively 
prime. Since a and 8 are odd, the numbers (6) are integers. 

Let A be odd. If m and n are both odd in (5), then 
x, y, 2 are all divisible by 2p, whereas p is their g.c.d. Hence 
in (5), one of m and n is even and the other is odd. Evi- 
dently (5) is derived from (6) by replacing p by 2 and 
using the new values of m, n. 

TueoremM 40. Jf A is even, all integral solutions of (2) 
are given by (5). If A ts odd, they are given by (6), where p is 
any integer when m and n are odd, but p is even when one of m 
and n ts even and the other is odd. In all cases, a8=A, and 
m, n are positive and relatively prime. 

From one standpoint it is better not to unite (5) with 
(6) when A is odd. In (6), m and n were odd; if we replace 
m by n+2t, we obtain x, y, 2 expressed as polynomials in 
the integral parameters p, 7, t, having integral coefficients. 
The resulting formulas, as well as (5), are called integral 
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formulas since they involve only integers. We then reach 
the goal of complete solution by integral formulas. 


EXERCISES X 

1. In (1), z and y are not both odd. All relatively prime, 

positive, integral solutions with x even are 

c=2mn, y=m’—nv, 2=m'*+r* (m>n) , 
where m and n are positive, relatively prime, and one of them is 
even. Such solutions were known to Diophantus. 

2. Allrelatively prime, positive, integral solutions of 27+ y? =z‘ 
are «=4ab(a?—b?), y= + (at+-b*—6a7b?), z=a?+0?, or the same 
with 2 and y interchanged, where a and 0 are positive, relatively 
prime, and one of them is even. 

3. All positive, integral solutions, relatively prime in pairs, of 
(2x)4+y?=2? are x=ab, y= + (4a*—b*), 2=4a*+b*, where a and b 
are relatively prime, positive integers and 6 is odd. 

4. Solve 2:-AX?+y?=2?, where A has no square factor. This 
becomes (2) for x=cX. By considering the g.c.d. of ¢ with p, m,n 
in turn, find the cases of (6) when z is divisible by c. Similarly 
for (5). 

28. Equations having no integral solutions. 

TuHeEoreM 41. x'+y'=2 is empossible in integers >0. 

If the theorem is false, there is a least positive integer z 
for which 2=2'+y', z>0, y>0. Let d denote the g.c.d. of 
xz and y. Then d‘ divides 2’, and (z/d?)?=(x/d)++ (y/d)*. 
Hence z/d?2=z,d=1. Ifxand y are both odd, 2*+-y4=24 2? 
(mod 4). Hence one of # and y is even and the other is odd. 
In view of symmetry, we may take x even and y odd. By 
Reo X31; 

P=2mn, yY=m—n?, z=m-+n?, 


where m and n are positive, relatively prime, and one of 
them is even. If n were odd and hence m even, then y?= —1 
(mod 4), which is impossible. Hence 


n=29q, (32)?=mq, m=r, g=s, 
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where r and s are relatively prime, positive integers and 
ris odd. Then (2s*)?+-y?=r*, where 2s? and y are relatively 
prime. As before, 2s?=2MN, r?= M?2+N?, where M and N 
are relatively prime, positive integers. Thus M=a?, 
N=0*, a‘+bt=r*. Since rSr’=mSm?<z, this contra- 
dicts the assumption that z is a minimum. 

The theorem proves the case n=4 of Fermat’s “last 
theorem” that x*+-y"=z" is impossible in integers >0. 


EXERCISES XI 

1. x*+4y*=2z? is impossible in integers >0. 

2. x44+2y'=2 is impossible in integers >0. First prove by 
(5) that all integral solutions of 2X?+Y?=Z?, with X and Y. 
relatively prime and X>0, Z>0, are 

X =2mn, Y=+(m?—2n?), Z=n?+2n? , 
where m and n are relatively prime, positive integers. 

3. z!—y*t=2? is impossible in integers >0. Hint: 

2+4(ry)*= (a*+y*)? . 

4. By the method of Ex. 3, show that each of z*—y*=22?, 
vi—4yt= +27, 8at—y*= +2? is impossible in integers >0, while 
x'+y'= 22? has only the trivial solutions +z=2?=y’. 

5. Solve w+py?=v?+pw*, where p is 1 or an odd prime. 
Hints: Choose the signs in 

a=uty, b=uFyy, c=w+y, d=w-y 
so that a is divisible by p. To solve ab=pcd, write a= pa’ and let 
G denote the g.c.d. of a’. =GA and c=GC. Then A is prime to C, 
and b=CB, d=AB. Hence 
u=4(pGA+BC), +v=3(pGA—BC) , 
w=4(GC+AB), y=3(GC—AB). 
Show that either A, B, C, G are all odd or B and G are even. 


6. Solve 22+2yty=2+2w+w*. Hints: Write uw=2r+y, 
y=2z+w. Apply Ex. 5 with p=3. Here u=y (mod 2), whence 
(B—G)(A+C) =0 (mod 4). Hither A, B, C, G are all odd, or 
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B=28, G@=2g, and one of B—g and A+C is even. Exhibit the 
values of 2, y, +2, w. 

7. Solve 2—y=z2. If u=art+y, v=z—y, then u=L?Mr*, 
v= LM?s3, z=LMrs, where LM(r—s) is even. 


29. To find all rational solutions. 

Turorem 42. If a, b, c, e are integers such that e~0 and 
d=b?—4ac is not the square of an integer, and if &, n, § are 
given rational solutions, not all zero, of 


(7) ax?+bay+cy’=e2 , 


then all its rational solutions are 


(8) z=pr, y=ps, 2=pt, 
r= — (aé+bn)u?—2cnuv+ civ? , 
(9) s=anu?—2akéuv— (bE+cn)v’ , 


t=¢(T, T=av?+bw-+er’ , 


where u and v are relatively prime integers, and p is rational, 

If z=0, then x=y=0 by the assumption on d, and this 
solution is of the form (8) with p=0. Similarly, ¢=0 would 
imply = =0, which is contrary to hypothesis. Thus ¢40. 
Henceforth, let 240 and write X =x/z, Y=y/z. Then (7) 
becomes 


(10) aX?+bXY+cY*=e. 
This has the rational solution £/¢,/¢. The equation of any 
line through the rational point (£/¢, n/¢£) is 


(11) X— EC ag 


U v 


where wu and v are not both zero. If w=0, (11) shall mean 
X =é/¢. Denote each member of (11) by k. Then 


g 0 
12 xX == el 
(12) pees Y=-=+ko. 
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Substitution of (12) into (10) gives 
(13) ?+Lk=0, L=2atu+2cnv+b(go+nu) , 


with ¢ as in (9). Let wu and v be rational and not both zero, 
whence ¢# 0. The root k=0 yields the known point 
(é/f, n/é). For the second root k=—L/t, (12) become 
X=r/t, Y=s/t, where 


(14) r=Tt—Lu, s=Tn-—Iv 


are seen to have the values in (9). We obtain the corre- 
sponding solution (8) of (7). 

We shall now prove that every rational solution X,, Y; 
of (10) is expressible in the form r/t, s/t, where r, s, t have 
the values (9). 

First, let the points (Xi, Yi) and (&/¢, n/¢) be distinct. 
They determine a line (11) in which w=X,—£/¢ and 
v= Y,—7/¢ are rational and not both zero. Since these two 
points are the points of intersection of this line and the 
conic (10), our earlier discussion shows that Xi=r/t, 

i= s/t. 

Second, let X1=£/f, Yi=n/fé. Then the preceding dis- 
cussion fails since the line is now indeterminate. Take wu 
and »v to be any rational numbers not both zero for which 
L=0. Then (14) give é/f=r/t, n/f=s/t. Speaking geo- 
metrically, we have replaced the former line by the tangent 
L=0 to (10) at (&/¢, /S). 

Hitherto, wu and v have been merely rational, We may 
write u=NU/D, v=NV/D, where U and VY are relatively 
prime integers, while N and D are integers. Then (9) be- 
come the products of the like functions of U and V by 
N?/D?. We take pN?/D? as a new p, and obtain formulas 
like (8) and (9) in which u and » are now relatively prime 
integers. 
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30. To find all integral solutions. Some writers omit 
the proportionality factor p and claim incorrectly that (9) 
give all integral solutions of (7). Others retain p and claim 
that (7) is solved completely in integers by (8) and (9) 
without showing how to sort the infinitude of integral solu- 
tions from all these rational solutions. This is no less ab- 
surd than to ask the reader to start with the algebraic ex- 
pression for z as a square root of the quotient of the left 
number of (7) by e. 

The following method due to the author is first pub- 
lished here. Let £, 7, ¢ be given integers satisfying (7). For 
any relatively prime integers wu and », the values 7, s, ¢ in 
(9) are integers. Write p=N/k, where N and k>0 are rela- 
tively prime integers. Then 2, y, 2 in (8) are integers if and 
only if k divides r, s, and ¢. Let g be the g.c.d. of k=gD 
and ¢=gZ, whence D is prime to Z. Thus k divides t if and 
only if D divides T. Then D divides Lu and Lv by (14), and 
hence divides L itself. 

Now L is a linear function Pu+Qv of u and v. Then 
L=0 or Pu=—Qv (mod D) implies P?T=Mv? (mod D), 
where M=aQ?—bPQ-+cP?. Similarly, Qv=—Pu implies 
QT = Mv? (mod D). Since u is prime to », the facts that T, 
Mv’, and Mv? are all divisible by D imply that M itself is 
divisible by D. But 


(15) —M =d(a?+bén+cn?) = deg? . 


Hence D divides deg’. 

Thus there is only a finite number of integers D to con- 
sider. For a chosen D it is easy to solve the pair of con- 
gruences 7’'=0, L=0 (mod D) for wand v. For each set of 
solutions U, V, the numbers (9) are divisible by D for all 
integers u and v such that w=U, v=V (mod D). Replacing 
u by U+mD and v by V+nD, we obtain from r/D, s/D, 
t/D quadratic functions of m and n with integral coeffi- 
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cients. It remains to impose the conditions on m and n 
that these three functions be divisible by g, and hence that 
r, 8, t be divisible by gD=k, as desired. 

In this way we obtain a finite number of integral formu- 
las which together completely solve (7) in integers. 

If b=2B, L=2pu+2qv, where p=at+Bn, g=cn+Bé. 
Then 2pu=—2qv implies 2p°7=2Ev? (mod D), where 
E=ag—2Bpq+cp*. Since 4H=M, (15) gives E= —Acf?, 
where A= B?—ac. Similarly, 2gv=—2pu implies 2¢T= 
2Eu? (mod D). Hence D divides 2E. 

TurorEeM 43. All integral solutions of (7), having a 
given solution &, n, € in integers, may be obtained from its 
rational solutions (8) and (9) by taking for p an irreducible 
fraction whose denominator is gD, where g divides ¢, and 
D divides L and T and hence also deg. The last may be 
replaced by its half, 2Aeg?, when b=2B, A= B?—ac. 

31. Example. Let (7) be 


(16) P+y'= (L4H). 
We employ the solution £, 7, ¢=1. By (9), 


{ r=—£fw—2nw+iv? , 


Oe s=nw—2éuv—nv’ , t=w+v*. 


Since A= —1, D must divide 2(#-+-7’). 
Consider the case £=1, 7 =2. Then D divides 10. Here 


(18) r=—w—4uw+0?, s=2v?—2u—20*, t=u?+v?. 


_If D=1, 2, y, 2 are the products of (18) by an arbitrary 
integer. If D=2, the numbers (18) are all even if and only 
if w=v (mod 2); we obtain integral formulas by replacing 
u by v-+2w and canceling the factor 2 from the expressions 
derived from (18). 

Next, let D be a multiple of 5, whence D=56, 6=1 or 2. 
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In (13), L=2(u+2v). Hence u+2v is divisible by 5. We 
eliminate w= 5w—2v and see that 2, y, z are the products of 


(19) w—5w?, 2?—-100w+10w?, v—4ow+5u” 


by N/é. These numbers bevome —7, s, ¢ of (18), respec- 
tively, when we replace v by u+2v and w by v. This proves 

TuroreM 44. All integral solutions of x?+y?=52 are 
the products of +r, s, tin (18) by integers or by halves of odd 
integers, provided u=v (mod 2) in the second case. 


EXERCISES XII 


1. In the integral formulas obtained in § 31 when D=2, 
replace v by u+v and w by —v. We get —s, r, t with the values 
in (18). Hence all integral solutions of 2?+y?=5z? are products 
of +r, s,tand +s, 1, ¢ by integers. 

2. Find all integral solutions of (16) when €=2, n=3. 

3. Consider (16) when £is a prime =1 (mod 4) and »=0. The 
rases D= # and D=2# are excluded since wu is divisible by & (by L) 
and then » is divisible by £ (by #). Hence D is a divisor of 2 and 
the only condition on u and v is w= +kv, k®=—1 (mod D). 

4, Consider (16) when ¢ is a prime =8 (mod 4) and 7=0. 
The cases in which D is a multiple of ¢ are excluded since ¢ is 
divisible by ¢ only when w and »v are divisible by é. 

5. Check the solutions found in Exs. 3 and 4 by means of 
Ime, Se Il 

6. Solve 2?+-bry+cy?=2. Take —=—1, n=0, [=1. Then 


r=wv—cr?, s=2uo+bv?, t=w+bu-+cv? . 


Here D divides b?—4c, 2u+-bv, and ¢. If b=c=1, either D=1, or 
else D=3 and w=v (mod 8) is the only congruential condition. 

7. Treat (7) when d=k?, where k is an integer ~0. Take 
2axz+by+ky as new variables 21, yi, whence z1yi=4aez. Hence 
treat (7) with a=c=0, b=1; its rational solutions are given by 
(8) and (9). In fact, those of XY =e are obtained from v= —7/f, 
u=X, since (9) then give r/t=X, s/t=Y. 
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8. Find all rational solutions of aX?+-b¥?+cZ?=e, given one 
solution &, 7, ¢. Write X=t+ku, Y=n+kv, Z=¢+kw. Then 
tk?+ Lk=0, where 

t=aw-bv?+cw?, L=2(atut+bnv+ctw) . 


Then X=r/t, Y=s/t, Z=l/t, where r=tt—Lu, s=tn—Ln, 
l=t¢—Lw. If we attempt to deduce all integral solutions of 
ax?+ by-++cz*=eW?, we meet the difficulty that we cannot elimi- 
nate u, v, w from t=0, L=0 (mod D). 


SETS OF INTEGERS HAVING EQUAL SUMS 
OF LIKE POWERS 
(§§ 32-35) 


32. The numbers 1, 2, and 6 have the same sum and 
same sum of squares as 4 and 5. We replace the last pair by 
0, 4, 5 and obtain sets each involving the same number 
(three) of integers. In general, the system of m equations 


(20) wit---+ah=yit---+y, (j=1,...,m) 

is conveniently denoted by the symbol 

(21) Wa, oreany Pn ie es Ya [m] . 
Hence 1, 2, 6=0, 4, 5 [2], and 


2 2 
Di, os itn S21, « ex 5 Sine) if = Dass 


In 1750-51, Goldbach and Euler noted the example 
(22) a,b,c,a+tb+e =0,a+b,a+c,b+c [2]. 


We shall present all known results except numerical ex- 
amples, and develop new results. Our problem is trivial 
if n<m in view of 

TueoreM 45. If nSm, equations (20) require that 
ioe, tn JOT @ permutation. of Yi, ss. >, Yn 

If n=™m, we conclude from (20) that each elementary 
symmetric function of the z’s is equal to the same function 
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of the y’s. Hence the equation of degree » having the z’s 
as roots is identical with that having the y’s as roots. 

If m>n, we ignore the values j=n+1,...,m. Hence 
the theorem follows from the preceding case. 

The binomial theorem leads at once to 

TurorEemM 46. Equations (21) imply 


(23) daita,..., dt,ta=dyita,...,dy,ta [ml]. 


The former 2;, y; are here replaced by corresponding 
terms dz;+a and dy;+a of any arithmetical progression. 
Conversely, if d#0, (23) imply (21). 


EXERCISES XIII 
1. Uf 1,5 «. ta th, ~». 5 Ye (eA), then 


V1, eels Lny yith, ce ey Ynth 
=Yiy +++ Yn; with, ce ey Ln+h [m+1] 5 


In case h=yi—y;, we may delete the equal terms y;+h and yi. 
Similarly, if h=2,—2s, we may delete xz, and x;+h. 

2. By applying Ex. 1 to a, b=0, a+ [1] when h=c, we get 
(22). We now have two cases of a general theorem. Let 21, v2... 
denote all sums of an odd number of terms chosen from a, ..., 
ds+1; let y1, Yo, . . . denote all sums of an even number of terms 
chosen from the a’s. Then 


(24) %1,---,%s=Yi,--+ Yes [s] . 
Prove by induction on s using Ex. 1 with h=as+.. 
3. If v1, ..., In=Yi,---, Yn [2], and z is arbitrary, then 
iy 2+) En—1, En F2Yn, Zn =Yi, ~~» Yn—1y Yn +2, 2Yn [2] . 
B16 01, so) Ch = Way oy Un dale Qa eae On ee eee 
[2], and y:—ai=c(bi—ai) for 1=1,...,n, then a+a1,..., 
IntAn=Yithi, ... » Yn+bn [2]. 


5. The first 2+! positive integers can be separated into two 
sets each of 2' numbers such that (24) hold. For s=1, 1+4= 
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2+3. Proceed by induction from s to s+1, applying Ex. 1 with 
n=28, m=s, h=2eH, 

6. If ais odd and >1, the first 4a positive integers can be 
separated into two sets each of 2a numbers such that 


U1, --+.,Ca=Y1,--- 4 Yra [2] . 
Proceed by induction from a to a+2. Add 4a to each term of 1, 
4, 6, 7=2, 3, 5, 8 [2], which* was obtained in Ex. 5. Hence 
1+4a, 4+40, 6+4a, 7-+-4a, 1, ..., X20 
=2+4a, 3+4a, 5+4a, 8+4a, y1,...,Y2a [2]. 


These two sets together include all integers from 1 to 8+4a= 
4(a+2). The theorem holds when a=8 since 


1, 3, 7, 8, 9, 11=2, 4, 5, 6, 10, 12 '[2). 


7. If ais odd, a>1, s>1, the first 2%a positive integers can 
be separated into two sets each of n=2:—!a numbers such that 
Zi, --+;, tn=Yi, ---, Yn (sl. This is true by Ex.’6 if s=2. Pro- 
ceed by induction from s to s+1, applying Ex. 1 with m=s, 
h=2*a. 

8. In Exs. 5 and 7, we may replace the words “‘positive inte- 
gers” by successive terms of any arithmetical progression dz+a, 
and replace the formulas by (23) with m=s. 

9. Arrange 1, ..., 32 in pairs as follows: 

1,8 2,7 3,6 45°°-° O16-710;15,/11,14 12,13); 

17,24 18,23 19,22 20,21 ; 25,32 26,31, 27,30, 28,29; 


where in each block of four pairs the first numbers ascend and the 

second descend. Denote each pair by its smaller number. Then 
1, 10, 19, 28=4, 9, 18, 27=3, 12, 17, 26=2, 11, 20, 25 [2], 
1, 10, 20, 27=4, 9, 19, 26=3, 12, 18, 25=2, 11, 17, 28 [2], 
1, 11, 18, 28=4, 10, 17, 27=3, 9, 20, 26=2, 12, 19, 25 [2], 
1, 12, 18, 27=4, 11, 17, 26=3, 10, 20, 25=2, 9, 19, 28 [2], 
1, 11, 20, 26=4, 10, 19, 25=3, 9, 18, 28=2, 12, 17, 27 [2], 
1, 12, 19, 26=4, 11, 18, 25=3, 10, 17, 28=2, 9, 20, 27 [2] . 


The following quadruples occur distributed among these six: 
1, 10, 20, 27=4, 11, 17, 26=3, 12, 18, 25=2, 9,19, 28 [2]. 


* It is the only one involving only 1,...,8. 
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33. Theorem 47. Every set of integral solutions of 
(25) X,Y, Z=u,v,w [2] 
is obtained by adding an arbitrary integer to each term of 
(26) AD, AG+BD, BG=AD+BG, BD, AG [2]. 


By choice of integers a and b we have x=u—b, y=v+a. 
Then z=w—a+b. Write a=GA, b=GB, where A is prime 
to B. Write U=u—b, W=w-—a. Then 2a?==zw’ if 
BU=Av+(B—A)W. We may express U in the form 
rA+c. The last equation is equivalent to A(v—rB—c)= 
(A—B)(W—c). Since A is prime to A—B, this requires 


v—rB—c=(A—B)Q, W-c=AQ. 
Write D for r—Q. The values of u, v, w are obtained by 


adding c+AQ to the numbers in the second member of 
(26). From x=u—b, etc., we get the first member. 


EXERCISES XIV 


1. The first set of three numbers in (26) form a permutation 
of the second set if and only if ABCD=0, or A=B, or D=G. 
2. If r(u—x)+s(v—y)+t(w—z) =0, (25) implies 


(27) gtr, yts, ztt=u-+r, v+ts, w+it [2], 


and conversely. Then (27) is said to be derived from (25). 
3. Every integral solution of (25) can be derived from 


(28) 0, a, b=b, 0, a [2], 
where a=y—v, b=u—z, by using r=z, s=v, t=wtv—y= 


zt+ta—u. To verify the first equation in Ex. 2, employ the first 
t and 


(e—u)y?+2?—w= (v+-w—y—2z)* 4+? +0 -y—2. 


4. Subtract ¢ from each number in the solution given by 
Ex. 3. Hence it suffices to add r, s, 0 to the members of (28). 
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Write a=GA, b=GB, where A is prime to B. Then rb—sa=0 re- 
quires r= AD, s=BD. We get (26) and hence another proof of 
Theorem 47. 

5. By Theorem 46, equations (25) are equivalent to 


3dx—8, 3y—8, 82—s=3u—s, 380-8, 8w—s [2] . 
Take s=x+y-+<z. Hence the solution of (25) reduces to that of 
(29) 2X =0, zU=0, zX?==U?, 
Elimination of Z and W gives 
(30) X?4 XY+Y?= U+UV+PS?, 


all of whose integral solutions were found in Ex. XI, 6. 
6. The two equations 


(31) XU xe 2 

imply =X Y=<ZUV, whose square is 

(82) LTX?Y24 2X VZEX =2VV2+2UVWesv . 

From this, the linear equations (29) and the square of the last 
equation (29), we get 

(83) Tkt=sU"* . 


Hence (29) imply (83). 

7. Consider the system S of three equations (31) and (83). 
They imply (32) and hence (XYZ—UVW)=X =0. If we exclude 
the trivial case in which X, Y, Z form a permutation of U, V, W, 
we have =X =0, and see that S reduces to (29) and hence to (80). 

8. If a+b+c=0, n=1, 2, 4, 

(ja+kb)"+ (jb-+ke)”+ (je+ka)” 


= (Gb 4 had te EB)? + athe) 
OF lia... 2 =) 02 = 92, 02 Yen, then 
U1, —%1,- ++ 5 Uny —In=Y1, —Y1, -- +5 Yny ~Yn [2m-+1| : 


Derive cases of this from Exs. 8, 10, 11. 
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10. The following sets have the same sums of squares and 
same sums of fourth powers: 


mi+mn+3n?, 2m?—4mn—n? , 38m?—2n?* ; 
sv —mn--N* , m—4mn—2n?, 2m?—3n?. 
ab+aB+bA—3AB, ab—aB—bA-—3AB, 2aB+2b4; 
ab+aB—bA+3AB, ab—aB+bA+3AB, 2aB—2dA. 
11. 2%, 16%, 21%, 25752, 142, 237, 24? [3]. 
12. We obtain (29) from (25) if we write 
X=y-Z, Y=2—-2, Z=2-Y, 
+U=0-w, +V=w-u, +W=u-r. 
In accord with (30), we choose the sign so that X -Y =+(U—V) 
(mod 3). Conversely, a solution of (29) determines only the differ- 


ences of x, y, z and the differences of u, v, w. To get (25) we need 


also 
82+ X—Y=38wti(U-V), 


which yields an integer z for every assigned w. Hence again, 
problem (25) reduces essentially to (30). 

13. Solve (34) by the method of Ex. 5. 

34. Theorem 48. Every set of integral solutions of 
(34) L,Y, 2, w=E, 0, §, [2] 
is obtained by adding an arbitrary integer to each term of 
utgGb, v, gQ+GC, gG(a+b) 

=u+gG(a+b), v+9Gb, 92, GC [2], 


where a is prime to b, g is prime to C, and 


(35) autbv=CQ. 
From a particular solution 7, s of 
(36) as+br=1, 


we get all solutions of (35): 
(37) u=sCQ+bT , v=rCQ-aT. 
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We may take x=f—a, y=n—8, z=t+y, w=otat 
B—y. Write X=—-a—8, Y=n—8, W=w-y, a=GA, 
B=GB, y=GC, where A, B, C have no common factor >1. 
Then 22? =>? if 


(38) —AX—BY+C§+(A+B-C)W=0. 


Let g denote the g.c.d. of A=ga and B=gb. Express X in 
the form Rb+c. Write L=Y+Ra—c, M=¢—c, N=c—W. 
Then (38) becomes g[bL+ (a+b)N]=C(M+N). Since g is 
prime to C, M+N=gQ, b(L+N)+aN =CQ. Multiply the 
final number by (36). Thus 


b(L+N—rCQ)+a(N—sCQ)=0. 


Since a is prime to b, the quantities in parentheses are equal 
to —at and bt, respectively, where ¢ is an integer. Hence 


N=sCQ+bi, L=(r—s)CQ—(at+bd)t, 
M=gQ-—sCQ—-bdt. 


Thus &, 7, ¢, w are obtained by adding k=c—bt—sCQ to 
the four numbers in the second member of the long formula 
in the theorem and writing T for +R. We get the first 
member from x=£—a, etc. 

35. Methods for finding all integral solutions of 


(39) L,Y, 2, W=E, 0, §, [3] - 


This system of three equations is equivalent to that 
composed of the two equations (34) and 


(40) Laryz=Lént . 


For, if s; denotes the sum of the jth powers of 2, y, z, w, 
Newton’s identities in the theory of equations give 


6Laryz = 8} —3s 8242s; . 
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I. Employ the solution in Theorem 48 and call it 
trivial if the four terms of one member form a permutation 
of those of the other. By Theorem 45 this will be the case if 
any term of one member is a term of the other and hence if 
gG=0. After deleting the factor gG, we find that (40) re- 
duces to 
(41)  [wto+gG(a+2b)]QC =v(u+gGb) (a+b) 

+(au+bv)(gQ+GC) . 


I,. Assign integral values to a, b, Q, C and take an inte- 
gral solution u, v of (85). Then (41) becomes an equation 


of the form 
AgG+Bg+DG+H#=0 


in the unknowns g and G. Multiply by A. We get 
(Ag+D)(AG+B)=BD-—AE. 


Express BD—AE in all ways as a product of two factors 
k and I such that k=D, 1=B (mod A). Then the solutions 
are 


The excluded case A =0 is still simpler. 
I,. Elimination of u between (35) and (41) gives a 
quadratic in v which, after the square is completed, is 


b°(2(a+b)v—2QC —gGa(a+b)P=F , 
F = (a+b)?(9°G?a"b? — 4gGQCab) — 4abQ?C? 
+4QCab(a-+b)(gQ+GC) . 


Assign integral values to a, b, g, C. Then F is a homogene- 
ous, quadratic function of G and Q with known, integral 
coefficients. In § 30, we showed how to find all integers 
G and Q for which F is a square.* The parameters involved 


* F is unaltered when C is reploced by (a+b)g—C and Q by 
(a+b)G—Q, whence one solution yields another. 
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in this solution for G and Q are to be restricted so that the 
resulting, rational value of v is an integer such that CQ—bv 
is divisible by a, whence (35) yields an integer wu. 

II. From the quadruple of each term of (39) subtract 
S=x+y+z+w. By Theorem 46 we obtain an equivalent 
system (39) in which now S=0. Write 

A=z+y=-—2z-w, B=3(x—y+z-w), 
C=} («—y—z+u) , 
and a, 8, y for the like functions of £, n,¢,#. Then A,...,7 
are integers. Conversely, if A, B, C are integers, then 


2x=A+B+C, 22=B-—C—A, y=A-—2, w= —A-z 
determine values of x, y, z, w which are all integers if only 


one of A, B, C is even or if all are even. Then D2?=2# is 
equivalent to 


(42) AA4+ B+ Ca++ . 
Using A=3(x+y) —3(2+w), we find that 
8A BC = 223 —Za’y+2zaxyz . 


But when 27=0, Newton’s identities give 2x*—32xyz=0. 


Also 
0= (2x)? =2a3+3227%y4+ 62 xyz . 


Hence 3A BC =z’, and the cubic equation in (89) may be 

replaced by 

(43) ABC =a6y . 

By use of the g.c.d. X of A and a, etc., we readily verify 

that all integral solutions of (43) are of the form 

A=IlpX, B=mqY, C=mZ, a=mrX, B=npY, y=lqZ . 
For assigned integers 1, m, n, p, g, 7, (42) is of the form 

(44) aX?+cY?=eZ2? , 
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whose integral solutions can be found by §§ 29, 30. For, it 
has the particular solution X=q, Y=r, Z=p, since then 
A=y, B=a, C=8. Also the solution X=n, Y=l, Z=m, 
whence A=, B=y, C=a. 


EXERCISES XV 
1. If only one or all three of A, B, C are even, the same is true 
of a, B, y by (42) and (48). 
2. Equations (39) hold if 
x= (a+b)j+(6+e)k+(c+d)l+(d+a)m , 


while y is obtained from z, z from y, and w from z by replacing a 
by b, b by c, c by d, and d by a. Also, &, 9, ¢, w are derived from 
Zz, Y, 2, w by interchanging a with d, and 6 with c. 

3. To solve (20) when m=2 assign any values to x; and y; for 
i=3. Write X= zai, Y= Zyi, u==z3, v= dy, where all summa- 
tions extend from 3 to n. Write S=ai+a2+X, f=21—x2, g= 
Yi—Y2. Then 

m=3(S—-X+f), t2=3(S-X-f), yw=32(S—Y-+49), 

y2=3(S—Y—g) 
are integers if f and S—X are of the same parity and likewise g 
and S—Y. The quadratic equation becomes 


fp—g=(S—Y)?—(S—X)?+20—2u. 


Its second member must be expressed as a product of two factors 
of the same parity. This is always possible by Ex. I, 9, since it is 
never =2 (mod 4). 


36. All rational solutions of 


(45) W3+ X8+ Y34+-Z73=0. 
Write W=p+q, X=p—q, Y=r—s, Z=—r-—s. We get 
‘46) p(p?-+3¢") = s(9+37") . 


Write 2p=2+wu, 2s=x—w, 2g=y+z, 2r=y—z. Then 
(47) w+3u(e+y+2)+6ryz=0. 
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This may be expressed in determinantal form 
w 82 —8y 
—2 w 32 |}=0. 
y —-2% w 


Hence there exist rational solutions a, b, c, not all zero, 
of 


wa+3zb—3yc=0, —za+wb+3zc=0, ya—xb+wc=0. 


Elimination of y and z gives (a?+3b2+3c?)w+6bczr=0, 
if a0, and the solutions are 


(48) ee —6pabc , x=pa(a?+3b?+3c’) , 
y = pb(a?+3b?+ 9c?) , 2=3pc(a?+b?+3c?) . 


But if a=0, then (6?+3c?)w=0, w=0, x=0, and we 
again have (48). 

TuHrorEM 49. All rational solutions of (47) are given 
by (48) for integers a, b, c without a common factor >1 and 
for p rational. 

From them we obtain all rational solutions of (46) and 
hence of (45). 


EXERCISES XVI 


1. Euler’s rational solution of (46) was simplified by Binet in 
1841. If s¥0 we can find rational solutions a and b of p=sa+82rb, 
q=—ra+sb, since the determinant of their coefficients is 
s8+3r40. Write 6 for a?+3b%. Then p?+3@=£8(s?+3r?) and 
(46) becomes (as+36r)g=s. Hence we can choose rational num- 
bers p and o not both zero such that os = —3pbB, or=p(ag—1). If 
b<0 take o=1. If b=0, whence a=1, and, s are arbitrary, take 
o=0, p=1. Write a=A/C, b=B/C, D=A?+3B?, r=0C*. Then 


T8=—3pBCD, tr=pC(AD—C?), rp=—3pBC?, rq=p(AC2—D?). 


This solution is of the fourth degree in A, B, C. It does not in- 
elude all the solutions having s=0, whence p=0. 
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2. All rational solutions of 


Gia vee 0 
ayt+yetewt+ ws =| x y —w |=0 
Le y 


are 
pxr=—al(ab+c’), py=a+b'c, 
pz=—b(ab+c?), pw=b?—a’c. 


3. Find all rational points of the surface 
S: f@y=fwz), f@y)=At+Bay+Cry+Dy . 
If w is an imaginary cube root of unity, the lines 
R: 2£=ow, y=o2z; rs L=ww, Y=w2z 
lie on S and are called rulings. The line 
L: x=ayt+bz, w=cy+dz 


meets R if and only if b=—c, d=a-+c. Then L meets also r, 
while Z then meets S in the points for which ay’+ ... —p22= 
0, where 

a=f(a,1)—Ac’, p=f(ate,1)+Ac. 


To discard the points that lie on R and r, we remove from 
ayy+...the factor (y—wz)(y—w*’z) and evidently obtain 
ay — 6z=0 for the third point in which L meets S. Unless a=s=0, 
this point has 


pY=8, pe=a, pxt=aB—ca, pw=cp+(atc)a. 


Inserting the values of a and 8, we have the desired rational points 
expressed in terms of the parameters a, c. Possible additional 
points are those on rulings of type L (whence a= 6=0), and points 
on both S and the unique line y=z=0 which meets R and r and 
_ is not solvable for x and w in terms of y and z. 

4, Apply the method of Ex. 3 to Ex. 2 and to (45). 


37. Equal sums of two fourth powers. The complete 
solution of 


(49) X44 Y= 744 ps 
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in integers has not yet been found. Euler took 
(50) X=p+q, W=p—q, Z=r+s, Y=r—s 
and noted that (49) becomes 

(51) pa(p?+¢q’) =rs(r?+s?) . 

It is not more difficult to treat the generalization 
(52) pa(mp? +ng’) =rs(mr?+ns*) . 


Define rational numbers a, b, w by g=ra, s=pb, a=buw. 
From (52) we get 

p’_nb’w'—m _aw*—B 
r nbek—mw a—Bw 


(53) , 
after dividing numerator and denominator by nb?—m and 
writing a=nb?/(nb?—m), B=a—1=m/(nb?—m). We shall 
have a rational value of p/r if we choose w so that 
(aw’ —8)(a—6w)isa rational square. This problem to make 
a quartic function of w a square arises in many Diophan- 
tine questions, but has not been completely solved. Euler 
here employed a special device. For w=z+1, the final 
fraction in (53) becomes 


avét+3az22+3az+1 
1—£z 


Equate this to (1+dz)? and cancel a factor z. We get 


(a+6d?)2+Az+B=0, A=3a+26d—¢@ , 
B=3a+6—2d . 


Choose d so that B=0. Since B=a—1, we see that 44 =38. 
Hence z= —3/(4a+46d?). Having w, we obtain rational 
solutions of (52) with r and 6 arbitrary. 

To return to (51), take m=n=1. Write b=f/g. We 
now express a, 6, d, z, and p/r=1-+dz in terms of f and g. 
Discarding the factor of proportionality, we obtain 
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TuroreM 50. Equation (51) has the solutions 
p=9(P+9)(fi+18f9—9') , 
r=2g9(4f+fig+lofrgtg) , 
q=4(fP+lofigt+fPy't+4g*) ; 
s=f(P-+9)(—f+18P9'—9) . 

EXERCISES XVII 


1. For f=1, g=3, the values of 7, g, 7, s are the products of 
75, 193, 291, 25 by 32. Discarding the factor 2 from X,..., W, 
we get 


(54) 1344+ 1334 = 1584+ 59! , 


which is said to be the solution in least integers. 
2. One solution of (51) yields another solution 


p=ptgqtrts, q=ptq—r—s,1r =p—qtr—s, ¥=p—q-rts. 
But they yield numbers proportional to (50). 

3. For F(X, W)=k(X4— W*)+21X W (X?— W?), the solution 
of F(X,W)=F(Z,Y) reduces to (52). Hence infinitely many solu- 
tions are known. 

4. Equation (51) has the solution 


p=to(t,h), q=3Ph', r=h¢(h,t), s=3th? , 


where ¢(t,h) =t+th?—2?h'+h®. For t=2, h=1, this gives (54). 

5. For integers, (50) holds if either X or Y is congruent 
modulo 2 to either Z or W. In the contrary case, (49) fails 
modulo 4. 


CHAPTER V 


BINARY QUADRATIC FORMS 


The problem to find all integral solutions of z?+y?=41 
is equivalent to that for X°+4X Y+5Y?=41, which is de- 
rived from the first equation by the transformation 
x=X+2Y, y=Y. Similarly, there are infinitely many 
equations equivalent to the first one. It would be mere 
duplication of work to solve more than one of them. It is 
now clear why we study transformations and equivalence. 
The theory applies to all real forms, except when the form 
is explicitly called integral (i.e., has integral coefficients). 

38. Transformation. If a,b,c are constants and x and y 
are independent variables, the function 


(1) q=ax?+bry+cy* 


is called a binary quadratic form. The particular letters 
used to denote the variables are usually immaterial. Thus 
(1) is determined by its coefficients and is denoted by 
[a, b, c]. Its discriminant is 


(2) d=b?—4ac. 
Consider a linear transformation 
@) 1: a=aX+6Y, y=rX+40Y, a=| * ; 0", 


of determinant A. If we insert these expressions for z and y 
into (1), we get another form 


(4) Q=AX?+BXVY+CY? 

having the coefficients 

(5) A=aed+baytcy? , C=a6?+b85+c8 , 
(6) B=2aaB+b(ad+ By) +2cy6 . 


G37)? 
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Transformation (3) is said to replace q by Q, or transform q 

into Q. The discriminant of Q is 

(7) B 26 6 6B 6b 2c 
2A 3B y «a 2a Db 


ey Poe 
© Blea. 


To Q we apply the new transformation 


(8) ¢t: X=rt+sn, Y=géthn, D= #0, 


h 


and obtain a form f in the variables € and 7. By eliminating 
X and Y between equations (3) and (8), we obtain 


(9) c=kit+ln, y=mitm, 
(10) k=ar+6g, l=ast+fBh, m=yr+ég, n=yst+ébh. 
Then 


(11) he 


mn 


a By. 
y 6 


Yr +s 


on =AD. 


Hence (9) is a transformation of determinant AD~0 
which replaces qby f. This transformation (9) has the same 
effect upon q as the successive applications of transforma- 
tions (3) and (8), and is called the product of the latter, 
taken in the order indicated, and denoted by zt. 

A transformation is determined by its coefficients. We 
may denote transformations (8), (8), and (9) by their 
matrices, as exhibited in 


a £B me ea) SB ram 2 
Oo 3) eee 
Formulas (10) lead to a simple rule to find the product of 
two matrices. For example, the element m in the second 
row and first column of the product is obtained by multi- 


plying the elements y, 6 in the second row of the first ma- 
trix by the corresponding elements r, g in the first column 
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of the second matrix and adding these products. Briefly, 
multiply row of the first by column of the second. As in 
(11), this is one of the permissible methods for multiplying 
determinants. 

We readily prove the associative law rt-T=7-tT, 
whence each product may be denoted by 7t7’. Let 


(13) T: &=dutypo, n=putov. 


Since t7’ is obtained by eliminating £, 7 between (8) 
and (13), 7-¢T is obtained from (8), (8), (13) by eliminating 
first £ and » and then X and Y, to obtain z and y as func- 
tions of wand v. We evidently obtain the same result if we 
eliminate first X and Y and then é and », which yields 
tT. 

39. Equivalent forms. Henceforth we employ only 
integral, linear transformations having integral coefficients 
of determinant +1. Solving the equations (8) of such a 
transformation, we get 


(14) X=+6rF By , Y= Fyxtay. 


To secure notations in agreement with (8), we replace z, y 
by & 7 in (14) and get the transformation 


(15) X=+0F Gn, Y=Frétan. 


The product of (8) by (15) is the zdentity transforma- 
tion 
(16) Lee SH. 


Hence (15) is called the inverse of transformation 7 in (3) 
and is denoted by 7~!. Since g=Q in view of relations (3) 
or the equivalent relations (14), we see that if transforma- 
tion 7 replaces g by Q, the inverse transformation 77 re- 
places Q by gq. 

According as the determinant ad— fy of (3) is +1 or 
—1, q is said to be (properly) equivalent or improperly 
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equivalent to Q. Since the determinant of (15) is also 
a5— By, then Q is equivalent or improperly equivalent to 
q, respectively. By (7), properly or improperly equivalent 
forms have the same discriminant. When g and Q are equiv- 
alent we write qwQ. 

For example, g= 22?+3y? is equivalent to Q=3X?+2Y? under 
the transformation z= Y, y= —X, of determinant 1. The inverse 
transformation is X=—n, Y=£, which replaces Q by 2?+3n?. 
Hence gw Q. 


If g~Q and Qwf, then gwf by § 38. Hence all forms 
equivalent to a given form Q are equivalent to each other 
and are said to form a class. 

A form Q is said to represent the number m if there 
exist integers X and Y such that Q=m. Then z and y in 
(3) are integers, so that g represents m. In case ad—6By= 
+1, the converse is true by (14). Hence equivalent forms 
represent the same integers. 


EXERCISES XVIII 


3. 2 10 Oue2 
ae aa) Ge 1), then t= (_9 A 


i; 
2 —2 : 

2. If also Bes 9 9 ), verify that rt-T=7-tT. 

Sa Gls Pte DP Vetted. 

4, Every form is equivalent to itself. 

5. ax*+-cy? is improperly equivalent to eo 

6. Two opposite forms [a, b, c], [a, —b, c] are improperly 
equivalent. 

7. [a, 6, c] and [a, b’, c’] are called parallel forms if they have 
the same discriminant and if b’=b+2ag, where ¢ is an integer. 
They are equivalent and the first becomes the second when z is 
replaced by x+y. The discriminants are equal if and only if 
c’=c+bp+ap*. 
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8. [a, b, c] is equivalent to [c, —b, a] and improperly equivalent 
to [c, b, a). 
9. 2?+y? represents 1, 2, 4, 5, and 41. 


40. Definite and reduced forms. Let the discriminant 
d of (1) be negative. Write d=—A. Then 


(17) 4aq= (2ax+by)*+Ay?, A>0. 


Let a, b, c be real. If a>0, q is positive for all real numbers 
x and y not both zero, and q is then called a positive form. 
If a<0, g takes only negative and zero values and is called 
a negative form; then —q isa positive form. Negative forms 
may be ignored since their properties follow at once from 
those of positive forms. Both positive and negative forms 
are called definite. But if d>0, then A<O and q in (17) 
evidently takes both positive and negative values and is 
called indefinite; such forms are treated in chapter vii. 

Let qg be a real, positive form. If p is positive, the con- 
dition gp is equivalent by (17) to 


(2axr-+by)’+Ay? S4ap . 


This requires that y? S$ 4ap/A, which holds for only a limited 
number of integers y. To each such y correspond a limited 
number of integers x such that the inequality holds. Hence 
gp holds for only a finite number of pairs of integers z, 
y. In other words, g represents only a finite number of 
numbers <p. Choose p to be the number a represented by 
q when x=1, y=0. Hence there is a minimum A>0 of 
all numbers represented by g. Moreover, we can find, in a 
finite number of steps, integers x=a, y=¥ for which q takes 
its minimum A. 

These integers a, y have no common divisor D> 1 since 
q=A/D* when x=a/D, y=y/D. Hence there exist integers 
8 and 6 such that ai—y8=1. Then transformation (3) 
has determinant 1 and replaces g by an equivalent form 
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Q=[A, 1, m] in the variables X, Y. The transformation 
X=£+nn, Y=n has determinant 1 and replaces Q by 
F=[A, B, C], where B=14+2nA. We can choose an integer 
n so that —-A<BSA. Since C is the value of F for €=0, 
n=1, it is represented by the equivalent form g. Hence 
C is not less than the minimum A of qg. In case C=A, the 
transformation £=—y, n= has determinant 1 and re- 
places F by [A, —B, A]. 
A positive form [a, b, c] is called reduced if 


(18) —a<bsSa, cZa, with b20ifc=a. 


TueoreM 51. Every real, positive form q is equivalent to 
a reduced form. 
A positive form [a, b, c] is called semi-reduced if 


(19) c2a=|b|. 


If its discriminant is —A, then 
4a? <4ac=A+b?SA+a?, 3e°SA, 
(20) asViA. 


Any reduced form is semi-reduced, but not conversely. 
Our discussion leads to an integral transformation of 
determinant unity which replaces g by a reduced form. 


For example, let g=5a2?—4ay+2y”. If 2 were not the mini- 
mum of g, there would be integral solutions of 


q=2(y—2)?+3e=1. 


We may take a=0, y=1, 6=0, B=—1. Here (8) is z=—Y, 
y=X, which replaces g by Q=2X?4+4XY+5Y?. The transforma- 
tion X=t—n, Y=7 replaces Q by F=2#+-3y?, which is reduced. 
The product s=—y, y=i—7n of these two transformations re- 
places g by F. 
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41. Neighboring forms. The transformation 


(21) ( i : ) 


has determinant unity and replaces g=[a, b, a:] by the 
equivalent form Q=[a1, bi, a2], in which 


(22) b= —b—26a, ’ Ag=a+b6+a,8 . 


We call Q a right neighboring form to q, and call q a left 
neighboring form to Q. The sum of their middle coefficients 
is the product of their common coefficient a; by an even 
integer —26, while their discriminants are equal. Con- 
versely, any two such forms are neighboring, since (21) re- 
places g by [ai, 61, c], whose discriminant is equal to that of 
Q, whence c=ap. 

For the case of integral forms gq (i.e., having integral 
coefficients), Gauss proved Theorem 51 as follows. Among 
the right neighboring forms Q to q there occurs one in 
which ai=|b:|. For, we may divide —b by 2a, and obtain 
an integral quotient 6 and an integral remainder r such 
that |r| <a:. Then by (22), 


—b=2a.6-++7 , bi=r, lbil| Sa. 


Then if also a2=a;, Q is semi-reduced. But if a<ai, we 
transform Q into a right neighboring form h=[ds, be, as] 
having a2= |b2|. If also a;=a2, h is semi-reduced. But if 
a3<d2, we repeat the process. Since the series of decreas- 
ing, positive integers a1, a2, ds, ... contains only a finite 
number of terms, we ultimately reach a semi-reduced form 


Peet Ir a= — A. ad Pepliccsa ba 4, A Cl-Henes 


—A<B<ASX<C. As before we reach a reduced form satis- 
fying (18). 
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42. No two reduced forms are equivalent. 
TurorEM 52. If two semi-reduced, positive forms are 
equivalent and distinct, they are one of the two pairs: 


(23) [a, a, c] ? [a, —a, c] ’ 
(24) [a, b, a] ) [a, 0; a] : 


Let g=[a, b, c] and Q=[A, B, C] be equivalent, semi- 
reduced, positive forms, whence 


(25) czaz|b|,~CeZAzlBy. 


We may take a2A. There is an integral transformation 
(3) of determinant unity which replaces g by Q; then (5) 
and (6) hold. Since (a+ y)?=0, a’+7?>2|ay|. Hence 


(26) AzZaad—alay|tay?, azAzZalay|, 
(27) 12 [ay]. 
Unless a= A, we have |ay| =0 and 
a>A=ad’?+cy’*Z2aa?+ay’Za, 


since a and y are not both zero in ai—By=1. This contra- 
diction gives a=A. 

First, let one of c>a, C>A, hold. By interchanging 
q and Q if necessary, we may take c>a without disturbing 
a=A. If yX0, then cy?>ay?. Then the sign = is > in the 
first relation (26) and hence in (27). Thus ay=0, a=0, 
a=A=cy’2c. This contradiction gives y=0. Then ad5=1, 
a=6=+1. By (6), B—b=2aap. By (25), |b| and |B| are 
<a, whence |B—b| $2a, |8| $1. If B=0,q=Q. If || =1, 
then |B—b| =2a and one of the numbers B, b is a and the 
other is —a. Since g and Q have equal discriminants, 
C=c. Hence the pair g, Q is the pair (23). 

Second, let c=a, C=A. By a=A and the equality of 
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the discriminants, b?=B?. Either q=Q or the pair q, Q is 
the pair (24). 

Conditions (18) are not satisfied by the second form 
(23), nor by one of (24). Hence we have 

THEOREM 53. Equivalent, positive, reduced forms are 
identical. Each class contains one and only one reduced form. 

43. Ambiguous and opposite forms. An integral form 
q=l[a, b, c] is called ambiguous if b is divisible by a. The 
opposite form to q is q’=[a, —b, c]. Evidently q’ is semi- 
reduced when q is. 

Theorem 52 shows that if g is semi-reduced, and equiva- 
lent to q’, then g and q/ are identical or coincide with one 
of the pairs (23), (24). Evidently [a, 0, c] and [a, +a, c] 
are all ambiguous forms if they are integral. If in [a, b, a] 
we replace y by y+2, we obtain [2a+6, 2a+, a], which is 
ambiguous. 

THeorEM 54. Every integral, semi-reduced, ‘positive 
form which is equivalent to its opposite is equivalent to an 
ambiguous form. 

TuHeroreEM 55. If an integral, positive form f is improperly 
equivalent to itself, f is equivalent to an ambiguous form. 

There exists an integral transformation 7 of determi- 
nant —1 which leaves f unaltered. There exists an integral 
transformation 7 of determinant +1 which replaces f by a 
semi-reduced form g. Thus q is unaltered by P=7 Tr. 
The transformation t which merely changes the sign of one 
variable has determinant —1 and replaces g by its opposite 
q’. Hence Pt is an integral transformation of determinant 
+1 which replaces g by q’. Our theorem therefore follows 
from Theorem 54. 

44, Determination of all integral, reduced forms. 

TuroreM 56. There is only a finite number of integral, 
positive, reduced forms having a given negative discriminant 
—A. 
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By (20) there is a limited number of integers a. The 
same is true of b by (18). Each pair of integers a, b deter- 
mines at most one integer c for which 4ac=A-+0b?. 

To obtain the reduced forms economically, let L be the 
largest integer <VA/3. By (20) and |b| Sa, |b| SL. Ac- 
cording as A=0 or 3 (mod 4), the possible values of 6 are 
the even or odd integers, respectively, which occur in the 
set 0, +1, +2,..., +. For each such b, ¢(6’+A) is an 
integer; express it in all ways as a product ac, where 
c2a=|b|. When bis negative, we omit the cases in which 
c=a or a=—6. 

For example, let A=48. Then L=4, b=0, +2, +4. For 
b=0, ac=12, a=1, 2,3. The case b= +2, a=1, c=13 is excluded 
by a2=|b|. For b=+4, ac=16, a=c=4. Hence the reduced 
forms of discriminant —48 are [1, 0, 12], [2, 0, 6], [8, 0, 4], [4, 4, 4]. 


EXERCISES XIX 


Verify that all reduced forms of discriminant —A are those 
listed in Exs. 1-8. 


Like 3 [1) S04): 2. A=4, [1, 0, 1). 

3. A=7, [1, 1, 2]. 4. A=8, [1, 0, 2]. 

5. A=11, [1, 1, 3]. 6. A=12, [1, 0, 3], [2, 2, 2]. 

7. A=16, [1, 0, 4], [2, 0, 2]. 

8. A=28, [1, 0, 7], [2, 2, 4]. 

9. Prove by (18) and (20) that ac <4A in a positive, reduced 


form. 
10. Prove Theorem 56 by use of Ex. 9. 


45. Automorphs. An integral transformation of de- 
terminant unity which leaves q unaltered is called an 
automorph of q. 

THEoREM 57. The only automorphs of a(a?+y?) are 


mety aetek et) a 0 +1 
T=( ee s=( <{ tae 
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The only automorphs of a(a?+-xy+y?) are 


an i se evens Ler 
nik Wee F Ria( = ae 


If q is a reduced, positive form distinct from these two, its 
only automorphs are T. 

We employ the proof of Theorem 52 with Q=q. If c>a, 
we have y=0, a=d=+1, aaB=0, whence 6=0, and the 
only automorphs are 7’. 

If c=a, then b=0 by (18). The argument leading to 
(27) may be applied also to C. Hence 


lay|=Oorl, |65|=Oorl. 


If B=0, then a=6=+1, 0O=B—b=2cy6, y=0, and we 
get T. Hence except for 7, we have 840, y0. 

If a=0, then By=—1, b= B=2cys—b, b=cys. Then 
6=O gives S. If 60, then |65| =1, b=c, 6=y, and we get 
R. 

If a0 and 6=0, then By=—1, b=B=2aaG—b, 
b=aaB, |ay| =1, b=a, a=8, and we get R-. 

There remains the case in which a, 8, y, 6 are all nu- 
merically 1. This is excluded by |ad—1|=|fSy|=1, ad= 
+1, 

46. Proper representations. An integer m is said to be 
representable properly by an integral form [a, b, c] of dis- 
criminant d if there exist relatively prime integers a and y 
satisfying 


(28) aa?+bay+cy?=m. 
Then there exist integral solutions 8, 6 of 
(29) ad—By=1. 


If p’, 5’ satisfy (29), then a(6—6’)=7(6—6’). Thus B—9’ 
is divisible by a, and 


B=B’+ta, 5=6'+ty (t integral) . 


74 BinaRY QuaDRATIC Forms 


Transformation (3) replaces [a, b, c] by [m, n, U], where m is 
given by (28), and n by (6). Hence n=n’+2tm, where 


n' =2aap’ +b(ad’+-6’y) +2cys’ 


is an integer. Let m>0. There is a single integer ¢ such 
that OSn<2m. Then 1 is determined by 


(30) n—4ml=d . 


TuHroreM 58. Let (a, y) be a proper representation of 
m>0 by the integral form [a, b, c] of discriminant d. Then 
integers B, 6, n can be determined in one and only one way to 
satisfy (29), OSn<2m, and 


(31) n?=d (mod 4m) , 


such that the transformation & i replaces [a, b, c] by the 


equivalent form [m, n, l] in which | is determined by (80). 

A root n of (31) such that OSn<2m will be called a 
minimum root. A proper representation (a, y) of m by 
[a, b, c] therefore belongs to a unique minimum root of (81). 

With n also n+2m is a root of (81). Hence the number 
of minimum roots is half the total number of roots. 

To find all proper representations of m by q=[a, }, cl, 
we employ in turn all minimum roots n of (31). Determine l 
by (80) and write Q=[m, n, I]. If q and Q are not equiva- 
lent, Theorem 58 shows that there is no proper representa- 
tion of m by q belonging to the chosen root n. Next, let n 
be such that ¢~Q, and let T be one integral transformation 
of determinant 1 which replaces g by Q. If A is any auto- 
morph of g, evidently AT replaces q by Q. Conversely, if + 
replaces g by Q, then 77! leaves q unaltered and is an 
automorph A of g, whence r=AT. If a and ¥ are the ele- 
ments in the first column of the matrix of AT, evidently 
(28) holds and (a, ) is a proper representation of m by q. 
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The form [a, }, c] is called primitive if a, b, c have no 
common divisor >1. By Ex. XIX, 1, 2, every positive 
form of discriminant —3 or —4 is equivalent to 2?--ay+y? 
or x+y”, respectively, and each is primitive. Thus Theo- 
rem 57 leads to 

TuHeoreM 59. Let g=[a, b, c] be a positive, primitive, in- 
tegral form of discriminant d. Let w=2 if d<—4, w=4 if 
d=—4, w=6 if d=—3, whence w is the number of auto- 
morphs of q. Let m be a positive integer. Employ in turn the 
minimum roots n of (31) and determine | by (30). If q ts not 
equivalent to Q=[m, n, I], there is no proper representation of 
m by q belonging to the root n. But if q ~Q, there are exactly 
w proper representations of m by q belonging to the root n. 

When d=4D, n in (81) is even. Write n=2N. Then 


(82) N?=D_ (mod m). 


Since 0S n<2m is equivalent to O$ N<™m, we now employ 
all roots of (82). 
THEOREM 60. Let c be prime to M. Then 


(33) x?=c (mod M) 


has no root if M has an odd prime factor p such that (c|p) = 
—1; or 7f M is a multiple of 8 and cA1 (mod 8); or if Misa 
multiple of 4, but not of 8, and c=3 (mod 4). In all remain- 
ing cases, let r be the number of distinct odd primes dividing 
M. Then (33) has 2° roots if M is not divisible by 4, 2"t! roots 
if M is divisible by 4 but not by 8, and 2°*? roots if M 1s 
divisible by 8. 

This follows at once from Theorems 16 and 17. 

47. Sum of two squares. We seek the number of proper 
representations of a positive, odd integer m by gq=2?+y’. 
Here d=—4, D=—1. By (82), —1 must be a quadratic 
residue of each prime factor p of m, whence p=1 (mod 4}. 
Let each of the r distinct prime factors of m be =1 (mod 4). 
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By Theorem 60, (32) has 2’ roots. If N is a chosen root, 
write n=2N, and determine | by (30). The positive form 
[m, n, I] is equivalent to q, since g is the only reduced, posi- 
tive form of discriminant —4. Hence Theorem 59 yields 

TuEorEM 61. If m has r distinct prime factors each of the 
form 4k+1, m has exactly 4-2" proper representations by 
ve+y’. 

If m>1, the following eight proper representations 


(+2, Y) ; (£2, =—y) ’ y, +2) ? (~y ? +2) 


are distinct and lead to the same mode of expressing m as a 
sum of two squares. 

TuEorEeM 62. When m has r distinct prime factors each 
of the form 4k-+1, there are exactly 2"! ways of expressing 
m as a sum of two relatively prime squares, if the arrangement 
of the squares and the signs of their roots are disregarded. In 
sarticular, every prime 4h+1 can be expressed as a sum of 
two squares in one and only one way. 

The last result concerning primes was known to 
A. Girard before 1625. Fermat stated that he could give 
a proof by descent. The first recorded proof is that by 
Euler in 1749. 


EXERCISES XX 
1. Show that 1+64 and 16+49 are the only ways to express 
65 as a sum of two relatively prime squares. Hints: The only 


roots of N?=—1 (mod 65) are +8 and +18. The forms [65, 16, 1] 
and [65, 36, 5] become 2?+y? by the respective transformations 


( On —1 -2 

—1 -8 /’ CPO ae 

The first columns in the inverse transformations give the proper 
representations (—8, 1), (7, —4). 


2. If m is a positive integer all of whose r distinct prime fac- 
tors are =1 or 3 (mod 8), there are exactly 2°+! proper representa- 
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tions of m by z?+2y*. Every prime =1 or 3 (mod 8) is a sum of a 
square and the double of a square in one and only one way.* 

3. A positive integer m, all of whose r distinct prime factors 
are =1 (mod 3), has exactly 2*+! proper representations by 
2’+3y*. Every prime 3h+1 is a sum of a square and the triple of 
a square in one and only one way*. 

4. For m as in Ex. 3, m has exactly 6-2" proper representa- 
tions by g=2*+2y+y’. In the six representations 


(2a, y), Crery, Fa), (Fy, tety). 


just one of x, y, x+y is even. Let (+s, +#) be the two of the six 
in which fis even. Write t=2n, s=t—n. Then s?+st+?= 2437’. 
The 2-2" pairs (+, +7) coincide with the representations of m 
by [1, 0, 3] in Ex. 3. 

5. A positive, odd m, all of whose r distinct prime factors 
are =1, 2, or 4 (mod 7), has exactly 2+! proper representations 
by 2?+7y?. 


48. Kronecker’s symbol. Let d=0 or 1 (mod 4). If pisa 
prime dividing d, let (d|p)=0. Let (d|2)=1 if d=1 (mod 
8), (d|2)=—1 if d=5 (mod 8). If p is an odd prime not 
dividing d, let (d|p) be Legendre’s symbol (§ 21). Let 
(d|1)=1. Finally, if the p; are primes, let 


s 


(34) (d|m)= II (d|p:), m= Ips. 


Hence (d|k) is defined for every positive integer k. 


EXERCISES XXI 


1. (d|k) =0 if and only if d and k have a common factor > 1; 
otherwise (d|k)= +1. 

2. If k>0, 1>0, (d| kl) =(d|k) (a 0). 

3. Kronecker’s and Jacobi’s symbols are equal for all values 
of d and k for which both are defined. 


* Stated by Fermat in 1654, Giwres, II (1894), pp. 313, 403-4. 
The first published proofs were by Euler, Novi comm. acad. petrop., 
VIII (1763), 105-28; Opera omnia (ser. 1), II, 558-75. 
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49. Number of roots of a quadratic congruence. At 
THEOREM 63. Let d=0 or 1 (mod 4). If m is positive 
and prime to d, the number of solutions of 


(35) x?=d (mod 4m) 


is 2D(d|f), summed for the positive divisors f, lacking square 
factors, of m. 

I. Let d=1 (mod 4). Let p* be the highest power of a 
prime p dividing 4m. By Theorem 17, the number of roots 
of 


(36) x?=d (mod p*) 
is 
1+(d|p) if p>2 ; 
2 if p=2, h=2 (m.odd) ; 
2[1+ (d|p)] if p=2, h>2 (m even) . 
Then by Theorem 16, the number of solutions of (35) is 
(37) 201+ (d|p)]=2z(alf) , 


where the product extends over all distinct prime factors 
p of m, and the equality holds by Ex. XXI, 2. 

If. Let d=0 (mod 4). Here m is odd. Evidently 2?=d 
(mod 4) has two roots 0 and 2. If p* is the highest power of 
a prime p dividing m, (36) has 1+(d|p) roots. Hence the 
number of roots of (35) is (37). 

50. Number of representations by positive forms. 

TuHrEoreM 64. Let m be positive and prime to d. The 
number y(m) of all representations of m by the various forms 
of a representative system of positive, primitive, integral forms 
of discriminant d (a single form being chosen from each class) 
is w=(d|u), where w ranges over all positive divisors of m, and 
w was defined in Theorem 59. 

By Theorem 63, the number of minimum roots n of 
(35) is Z(d|f). To each n corresponds a unique J by (30) 
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such that [m, n, 1] has the discriminant d, is positive, and is 
primitive since a common divisor of m and n would di- 
vide d. Hence [m, n, I] is equivalent to a single form of the 
representative system. Since w is the number of auto- 
morphs of [m, n, 1], there are exactly w proper representa- 
tions of m by this form belonging to the chosen root n 
(Theorem 59). Hence the number of proper representa- 
tions of m by the various forms of the representative sys- 
tem is wd(d|f). 

If m is represented by [a, b, c] by integers x and y whose 
g.c.d. g exceeds 1, the representation is called improper. 
Then m/g’ is represented properly by [a, b, c] by the rela- 
tively prime integers x/g and y/g. The converse is true. 
Hence the number of all representations of m by the repre- 
sentative system is 


a 2(4lf) , 


where g’ ranges over all square factors (including 1) of m, 

while f ranges over all positive divisors, free of square 

factors >1, of m/g?. 
Write u for fg’. Then uz is a positive divisor of m, and 


(d|u) = (If) d| 9°) = (If) 


by (34) and Ex. XXI, 2. Hence every term of the double 
sum is a unique term of 2(d|), where uw ranges over all 
positive divisors of m. Conversely, any such yu can be ex- 
pressed uniquely in the form fg’, where f has no square 
factor >1. Then g? divides m, and f divides m/g’. Thus 
every term of 2(d|) is a unique term of the double sum. 

In a different form, Theorem 64 was first obtained by 
Dirichlet in 1840 and used in his elaborate, analytic in- 
vestigation of a formula for the number of classes of forms 
of a given discriminant. 
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51. Sum of two squares. We apply Theorem 64 with 

= —4 and m any positive, odd integer. By (34) we may 

delete the factor 4 from (—4|y). We may take 2’?+7? as 

the single form in the representative system. For the case 
k=0, we therefore have 

TuHErorEM 65. The number of all representations of 2'm 
(where m is positive and odd) by z?+y? is 4H, where 
E=2(—1)?#-), summed for all positive divisors pw of m. 
Hence E is the excess of the number of divisors =1 (mod 4) of 
m over the number of divisors =3 (mod 4) of m. 

Next, if 2n=2?+y?, we have z+y=2X, r—y=2Y, 
where X and Y are integers; whence n=X?+Y*. The 
correspondence between the pairs x, y and X, Y is one to 
one. This completes the proof of Theorem 65, which was 
first obtained by Jacobi in his Fundamenta nova theoriae 
functionum ellipticarum (1829). 


EXERCISES XXII 


1. If mis positive and odd, the number of all representations 
of 2'm by x?+2y? is double the excess of the number of divisors 
=1 or 3 (mod 8) of m over the number of divisors =5 or 7 (mod 8) 
of m. 

2. The number of representations of any positive n by 
q=v+ay+y7? is 6E(n) where E(n) is the excess of the number of 
divisors 3h-+-1 of n over the number of divisors 3h+2. If n=2*m, 
m odd, then E(n)=0 when k is odd, E(n)=E(m) when k is even. 
Hints: If q=3r, then (v—y)?=0 (mod 3), c=X+2Y, y=X-Y, 
and q=3Q, Q=X?4+XY+Y?=r. If q is even, then +=2X, 
y=2Y, q=4Q. 

3. If m is positive and odd, the number of representations 
- of 2'm by f=2?+ 3y? is zero if k is odd, 2E(m) if k=0, and 6E(m) 
if k is even and >0, for # as in Ex. 2. Hints: If f=8n, then 
t=2X,y=2Y,X°+3Y?=2n. If f=2l, then y+x=2X, y—z=2Y, 
f=4q, q=X°+-XY+Y?, 2qg=l. Hence f#2m, and the number of 
representations of 4m by f is the number 6H#(m) of representa- 
tions of m by q (Ex 2.). 
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4, If m is positive and odd, z?+3y?=4m has E(m) solutions 
in positive odd integers. Apply Ex. 3 with k=2 and k=0. 

5. If m is positive and odd, the number of representations of 
2'm by x*+4y? is 2H if k=0, 0 if k=1, 4 if k=2, for H in Theo- 
rem 65. 

6. The number of representations of n>0 by q=2?+2y+2y? 
is double the excess e(n) of the number of divisors =1, 2, or 4 
(mod 7) of n over the number of divisors =3, 5, or 6 (mod 7) of n. 
Hint: If g=0, then x=3y (mod 7). Thus r=—X+3Y, 
y=2X+Y, and q=7Q, Q=X2+- XY+4+2Y?. 

7. In Ex. 6, e(22m) = (a+1)e(m) if m is odd. If tis prime to3, 
e(3°t) is 0 if b is odd, but =e(¢) if bis even. Hint: If g=0, then 
q=(y—2z)*+y"*, y=z=0 (mod 3), g=9Q, and e(9N)=e(N) for 
every NV. 

8. Hence if n=273°t; where ¢ is prime to 6, e(n)=0 when b 
is odd, e(n) =(a+1)e(t) when 6 is even. 

9. The number of representations by x?+7y? of a positive, 
odd m is 2e(m), that of 2m is zero, that of 4k is 2e(k), for e in Ex. 6. 
Hint: If 2?+7y?=2l, then c=y+2z, l=2(2y?+yz+2?). 

10. By Exs. 8, 9, the number of representations by #?+-7y? 
of 223%t (¢ prime to 6) is 0 if b is odd, 2|a—1|e(£) if b is even. . 

11. If m is odd and positive, z?+7y?=8m has exactly e(m) 
solutions in positive integers. Hint: Take k=2m in Ex. 9 and 
show that e(2m) =2e(m). 

12. The number of representations by q=2?+ay+3y? of 
m> 0 is double the excess of the number of divisors =1, 3, 4, 5, 
or 9 (mod 11) over the number of divisors =2, 6, 7, 8, 10 (mod 11). 
Hint: If g=0, then 2x+y=0 (mod 11). Replacing x by x+6y 
and y by —2x—y in q, we get l1lg. 

13. Discuss the remaining* discriminants —19, —27, —48, 
—67, and —163 for which there is a single reduced, positive, primi- 
tive form. 


52. Why genera are introduced here. Hitherto we 
have found the number of representations only when there 


*In Bull. Amer. Math. Soc., XVII (1911), 534-37, the author 
proved there are no more to —1,500,000. 


82 BINARY QUADRATIC Forms 


is a single reduced, primitive form. In case there are two » 
or more reduced, positive, primitive forms/; of discriminant 
d, we require arithmetical invariants which serve to dis- 
tinguish the numbers represented by f: from those repre- 
sented by fs, fz,.... Such invariants, called characters, 
will be next defined. They will differentiate the numbers 
represented by the separate f; in case no two of the f; belong 
to the same genus. 

Turorem 66. Every integral, primitive form q repre- 
sents properly an integer prime to any assigned integer n. 

Let q(x, y) =ax?+bay+cy’, where the g.c.d. of a, b, cis 1. 
Let p be any prime factor of n. If a is not divisible by p, 
take x prime to p, and y divisible by p; we get a value of ¢ 
prime to p. If c is not divisible by p take x divisible by p, 
and y prime to p. If both a and ¢ are divisible by p, then 
bis prime to p, and we take x and y both prime to p. Hence 
if pi,..., py are the distinct prime factors of n, there exist 
integers x;, y; such that g(xi, yi) is prime to p;. By Theo- 
rem 15, there exist integers x and y such that 


L=21, y=yi (mod pi),..., T=, y=Yx (mod px) . 
Since g(a, y) is prime to each p;, it is prime to n. The same 


is true after deleting from x and y any common factor. 
53. Characters. Consider an integral, primitive form 


(38) q=az?+2bry+cy* of determinant D=b?—ac , 
whose middle coefficient 2b is even. By Theorem 66, q rep- 
resents integers n prime to 2D. 

THEOREM 67. If pi, po, ... are the distinct odd prime 
factors of D, then (n|p:) has the same value for all integers n 
prime to 2D which are represented by g. The same is true of 

6=(—1)3-) if D=0 or 3 (mod 4) , 
e=(—1)#”—-) of D=0 or 2 (mod 8) , 
de of D= 0 or 6 (mod 8) . 
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These symbols (n|p;) and such of 5, e, de as occur for 
the given D are called characters of the form q. Note that 
€= (2|n), and when n is positive, 5=(—1|n). 

To prove Theorem 67, let 


n=aw+2buvt+cr? , m=ar?+2brs+cs?. 
Then 
(389) nm=22—Dy? , x=aur+bustbro+evs, y=us—r0 . 


Let n and m be prime to 2D and hence to any odd prime 
factor p of D. Then nm=2* (mod p), whence* 


(nm|p)=1, (n|p)=(m|p) , 
which proves the theorem for the symbols (n|7;). 

Let D=3 (mod 4). Then nm=2?+y? (mod 4). But n 
and m are odd. Hence one of x, y is even and the other is 
odd. Thus 

nm=1, n=m (mod 4), &=(—1)?-Y equals 6. 

Let D=2 (mod 8). Then z is odd in (89). According as 
y is even or odd, nm=+1 or —1, n=+m (mod 8). Hence 

n2=m? (mod 16), « =(—1)#”-» equals e. 

Let D=6 (mod 8). Then nm=1 or 3, n=m or 3m 
(mod 8), whence n?=m? or 9m? (mod 16). For the first 
alternative, 6’=6, e’=e«, as before. For the second alterna- 
tive, 

6=(—1)"6’, e=(—1)”e’, de=d'e’, 
whence ée is a character. 


If D=0 (mod 4), nm=2?=1, n=m (mod 4), 6=6'. 

If D=0 (mod 8), nm=2?=1, n=m (mod 8), e=e’ . 

* Also if n, m are any integers prime to p which are represented 
by q. 
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All primitive forms (38) of the same determinant D (or 
same discriminant 4D) each of whose characters has an 
assigned value are said to form a genus. Since two equiva- 
lent forms represent the same numbers and hence have the 
same characters, they belong to the same genus. In other 
words, each genus is composed of one or more classes of 
forms. 

For example, there are just four positive, reduced, primitive 
forms gq of discriminant —96 (D=—24): 


q (n|3) 6 “ Computed 
get a eh eer 
aa 7] +1 il as | 7 


Hence the four forms lie in four different genera. By Theorem 64, 
if n is positive and prime to 6, the number of representations of n 
by the four forms is 2=(—6| »), where » ranges over the positive 
divisors of n. According as n=1, 11, 7, or 5 (mod 12), the repre- 
sentations are all by the first, second, third, or fourth form, re- 
spectively. For, (n|3) and 6 then have the values displayed. 


EXERCISES XXIII 


[The number of representations of n by f is denoted by f(n). 
Use Table I.] 

1. If mis positive and prime to 10, the number of representa- 
tions of 2"5:m by 2?+5y? is [1+(m|5)]Z, and that by 
2a?+2ry+3y? is [1—(m|5)]#, if r is even, but vice versa if r is 
odd, where H= 2(—5|u), w ranging over the divisors of m. 
Hence FH is the excess of the number of divisors =1, 3, 7, or 9 
(mod 20) of m over the number of divisors =11, 13, 17, or 19 
(mod 20) of m. 

2. Let f=2?+6y*, q=22?+3y. If m is positive and prime to 
6, f(m) =[1+ (m|3)]Z, gin) =[1—(m|3)]E, where E==(—6| yn), 
summed for the divisors » of m. Thus £ is the excess of the num- 
ber of divisors =1, 5, 7, or 11 (mod 24) of m over the number of 


85 
q(n), 


) 


2 or 3, f(kn 


w f(WV) and g(N) for every N. 
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Evidently 


, we may replace x by x+y, 


= a4 2y?, 


32?+ 22y+3y. If mis positive and odd, 


Jz, sn =[1—(—1|m)]H, where E 


h(n). If q is even 


r+ 8y", g 


[1+(—1|m) 
summed for the divisors » of m. Let h 


3. Let f 


f(m) 


f(2m) =0, f(4n) 
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and y by y—a and get q=4(a?+2y?), whence ¢(2m) =0, q(4n)= 
h(n). For E and h(n), see Ex. XXII, 1. 

4. Let f=a?+9y?, q=2a?+2ry+5y?, l=2?+y’. For every 7, 
evidently f(3r—1)=0, f[8(8r+1)]=0, fr) =U(r). It remains to 
find f(N) for N=1 (mod 3). Let N=2'n (n odd). Evidently 
f(4r)=f(r). If k is even, 1=N=n (mod 38), n=6s+1, f(NV)= 
f(n) =2E, where E=>(—1|,) is the excess of the number of di- 
visors =1 (mod 4) of n over the number of divisors =3 (mod 4). 
In fact, gn, whence f=n. But 4H=i(n), whence f(N) =21(N). 
But if k is odd, 1=N =2n (mod 3), n=6s—1, 


FW) =f2n) = q(n) =2E = 7l(n) = 21), 


since 2q= (24+ y)?+9y?. Hence q(r) =f(2r). 

5. Let f=22+10y?, q=222+5y?2, m odd. If m=+1 (mod 5), 
q(m) =0, f(m) =2H, E==(—10|xz), summed for the divisors p» of 
m. If m=+2 (mod 5), f(m)=0, g(m)=2E. Evidently f(2n)= 
q(n), q(2n)=f(n). Hence our results hold also when m is even if, 
in H, » ranges over the odd divisors of m. Finally, f(5r)=q(r), 
q(5r) =f(r) for every r. 

6. Let f=2?+12y?, q=32?+4y?, h=2?+3y?, m prime to 6. 
Use character 6, and # and A(r) in Ex. XXII, 2, 3. If m=1 (mod 
4), f(m)=2E, q(m)=0. If m=3 (mod 4), f(m)=0, q(m)=2E 
For any 1, f(4r)=g(4r)=A(r), f(2m)=q(2m)=0; f(8r) =a(r) 
q(3r) =f(r). 

7. Let f=2?+13y?, q=2a?+22y+7y?, m odd. If (m|13)=1, 
viz., if m=1, 3, 4, 9, 10, or 12 (mod 13), g(m)=0, f(m) =2E, 
E=(—13| x), summed for the divisors » of m. If (m|13)=—1, 
f(m) =0, g(m) =2EH. The same holds also for m even if u ranges 
over only odd divisors of m, since f(2r)=q(r), g(2r)=f(r). Evi- 
dently f(13r)=f(r), g(r) =f(2r), whence g(18r) =q(r). 

8. Discuss discriminants —60, —64, —72, —88. 


54. Odd discriminant d. Let f=az?+bzry+cy? be an 
integral, primitive form of odd discriminant d, whence b is 
odd. By Theorem 66, f represents an integer prime to 2d. 
To secure notations conforming with (88), consider g=2f. 
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The determinant of q is d. Let r and s be prime to 2d and 
be represented by f. Then n=2r and m=Qs are repre- 
sented by g. By (89), 4rs=2?—dy?. Hence if p; is any prime 
factor of d, (rs|p;)=1 and (r|p,;)=(s|p,). Thus (r|p;) are 
the (only) characters of f. 

All primitive forms f with the same odd discriminant d, 
each of whose characters (7|;) has an assigned value, form 
a genus. 

For example, the positive, reduced forms of discriminant —15 
are f=2?+ay+4y? and h=22?+2y+2y?. Let m be positive and 
prime to 2, 3, and 5. Since f represents 1, f=m requires 


(m|3)=(m|5)=1, m=1 or 4 (mod 15). 


Next, h=17 when z= —3, y=1, and (17|3) =(17|5) =—1. Hence 
h=m requires 


(m|3)=(m|5)=—1, m=2 or 8 (mod 15). 


Hence if m =7, 11, 13, or 14 (mod 15), m is represented by neither 
fnorh. Let H=>(—15| xu), where » ranges over the divisors of m. 
By Theorem 64, f(m)=2E and h(m)=0 if m=1 or 4 (mod 15), 
while f(m) =0, h(m) =2E if m=2 or 8 (mod 15). 


EXERCISES XXIV 


1. Verify the preceding example as follows. If f is odd, then 
x is odd, y=2n, f=2+15n?, =2+7. For é prime to 15, 2 =1 or 4 
(mod 15). If h is odd and prime to 15, then x=é+7, y=é—n, 
h=52+37? =2 or 8 (mod 15). 

2. If f=0, then x =y (mod 3), c=y—3z. In 3f=2y?—3yz+32’, 
we replace y by y+z and get h, whence f(8r)=h(r). Similarly, 
h(8r)=f(r), f(5r)=A(r), h(5r)=f(r). Hence f(3"5:m)=f(m) or 
h(m), according as r+s is even or odd. 

3. f(2r)=2h(r)—F, where F=0 if r is odd, F=f(§r) if r is 
even. For, if z and y are odd, rx=y—2z, $f=3y?—3yz+22. Re- 
placing z by z+y, we get a form of type h with y odd. But the 
number of solutions of h=r with y=2Y is 0 if r is odd and is 
fG@r) if r is even. 
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4. h(2r)=2f(r)—H, where H=0 if r is odd, H=A(Gr) if ris 
even. Treat* h for x even, and for x odd, y=2Y, whence 3h is of 
type f with x odd. But f with a even is 2h. 

5. From Exs. 3, 4 prove by induction 


fQr)=(Qn+)f (lr), f(2"-'7) =2nh(r) 


and formulas derived from these by interchanging f and h. 
6. Discuss discriminants —35, —51, —75. 


55. Positive forms with a single class in each genus. 
Let each genus of discriminant —A (A>0) contain a single 
reduced, positive, primitive, integral form. All cases with 
A<400 are tabulated on page 85. We shall show how to 
construct this table and an extension of it. It is only for 
forms of such discriminants that we can find a simple ex- 
pression for the number of all representations as in Exer- 
cises X XII-X XIV. 

Let A be odd. If A=8k—1>15, both of [2, +1, k] are 
reduced, represent the same numbers, and hence are in the 
same genus. Hence let A=3 (mod 8). Write 


T;=2[A+ (2j+1)] . 


Thus T; is odd. 7’ must be a prime or the square of a prime. 
Otherwise, Ty>=ac, c>a>1, and [a, +1, c] are both posi- 
tive, reduced, primitive forms of discriminant —A. 

Suppose that 7 is neither a prime nor the square of a 
prime. First, let T1=3"qg, where g>1 and q is not divisible 
by 3, whence g=5. If n>1, let L be the larger and S the 
smaller of 3” and q; then [S, +3, LZ] are both positive, re- 
duced, primitive forms of discriminant —A. But if n=1 
and q is composite, then g=rs, s=r2=5, and [r, +3, 3s] are 
both reduced and primitive. Second, if 71:=3°, we use 
[13, +5, 19]. Third, if T,;=3", n>5, we use [27, +15, 

* We avoid the case y odd, =2X, whence $h=f, since f with y 
even is of type +15. 
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2+3"]. Finally, if Ti=ac, c>a>3, use [a, +3, c]. Hence 
T, must be a prime, the square of a prime, the triple of a 
prime, 3°, or 34. 

These two tests in italics serve to exclude nearly every 
odd A<400 not listed in the table. 

At the author’s suggestion, 8. B. Townes made a more 
extended examination. Apart from primes p and their 
squares, he showed that T,=5p, 5’, or 5°; T3=7p or 7?; 
T,=3p or 99; if 7>4, T7;=Pp, where P isa product of dis- 
tinct prime factors of 27-++1. For 7; every mentioned p ex- 
ceeds 2:-++1. By means of these results he verified that, 
when 400<A<23000, there is a single class of positive, 
primitive forms of odd discriminant —A if and only if 
A= 408, 427, 485, 483, 555, 595, 627, 715, 795, 1,155, 1,435, 
1,995, 3,003, 3,315. 

Next, let A=4D. For the 36 values of D with D<100, 
see the table. For 100<D<100,000, the 29 values of D 
are 102, 105, 112, 120, 130, 133, 165, 168, 177, 190, 210, 232, 
240, 253, 273, 280, 312, 330, 345, 357, 385, 408, 462, 520, 
760, 840, 1,320, 1,365, 1,848. 

In 1778 Euler found that these 65 idoneal numbers D 
are the only ones <10,000 having the property that, if ab= 
D, every number represented by f=az?+by? (with az 
prime to by) is a prime, the square of a prime, the double of 
a prime, or a power of 2. If a number is represented by f in 
a single way, it is a prime. 

56. Criterion for equivalence of forms. 

TuroreM 68. Two forms [a, b, c] and [A, B, C] with 
A<0 are equivalent if and only af their discriminants are 
equal and there exist two integers a and y satisfying 


(40) A=aa’?+bay+cy’ , 
(41) 2aa+(6+B)y=0, (6—B)a+2cy=0 (mod 2A) . 
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The advantage of this criterion is that it demands two 
integers satisfying one equation and two simple congru- 
ences, while the definition of equivalence demands four 
integers which satisfy the same equation and two additional 
equations. 

I. Let the forms be equivalent. Then there exist inte- 
gers a, B, y, 6 satisfying ai—@By=1 and (5) and (6). To (6) 
add b=b(ad—fy) and insert the resulting value of 6+B 
into the left member of (411); we get 


2aa(1+By)+2bady+2cy’6 . 
Replacing 1+ fy by a6, we get 25A by (40). Similarly, the 
left member of (412) is found to reduce to —26A. 
II. Let (40) and (41) hold. Denote the integral quo- 
tients of the sums in (41) by 2A by 6 and —8, whence 
2aa+(b+B)y=26A , (b—B)a+2cy=—268A . 
Multiply these by a and y, respectively, and add; we get 
2A =2A(ad—By), ad—By=1. 
Next, multiply them by £8 and 6, and add; we get (6). 


Hence (¢ A has determinant unity and replaces [a, b, c] by 
[A, B, ¢t]. Since the latter has the same discriminant as 
[A, B, C], we have t=C. 


EXERCISES XXV 
1. [4, 6, Ij~[4, —2, —1]. 
2. f=[a, b, c]}~[+1, B, C] if and only if they have the same 
discriminant and f represents +1. 


CHAPTER VI 


CERTAIN DIOPHANTINE EQUATIONS 


57. We saw in § 30 that the integral solutions of an 
equation are usually not all given by a single integral 
formula, but require several such formulas. This fact is 
brought out emphatically by the following important in- 
vestigation. 

THEOREM 69. All integral solutions of 


(1) v—my’=zw 


are given by 
a= + plegutfnu—fiv—gnv) , y=plév+nu) , 
z= p(e?+2fintgn’) , w=plew—2fuvtgr?) , 


where p, &, n, u, v are arbitrary integers, while e, f, g take only 
the fingte sets of integral values such that the forms 


(2) FE, 0) =e? +2ffn+gn? 


are representative forms, just one being chosen from each class 
of forms of determinant 


(3) fP-eg=m. 


This solution is unaltered when we merely change the 
signs of u, v, p, e, f, g. Hence if m<0, we may restrict F to 
positive, reduced forms. 


Ex. 1. For m=—1, then F=#+7? and the theorem states 
that all integral solutions of 2?+y?=zw are given by 


(4) «2=+ (éu—nv) , y=o(tnu), z=e(!+7’) , w=p(w+r’) . 
91 
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Ex. 2. For m=—5, F is 2+5n? or 22+2&)+37? and the theo- 
rem states that all integral solutions of 2?+-5y?=zw are given by 
the following two sets of formulas 
(5) v=+pe(fu—5yv), y=o(fetnu), z=p(+57’) , 

w= p(w+5r*) ; 
‘eee + p(2éut+nu—tv—3v) , y=pleotnu) , 
z= p(22+2in+3n?) , w=p(2u?—2uv+3v") . 


Proof of Theorem 69. Since p takes care of any common 
factor of x, y, 2, w, we may assume henceforth that the lat- 
ter have no common factor >1. Let A be the g.c.d. of x 
and y, and 6 that of Aand z. Write x=AX, y=AY, A=6D, 
z=6¢. Then (1) becomes 6D?(X?—mY”)=fw. The com- 
mon factor 6 of x, y, and z is prime to w; hence 6 divides ¢. 
Since D? is prime to ¢, it divides w. Write ¢=6Z2, w=D°W. 
Hence 


(7) X?—mY?=ZW (X prime to Y). 

For this case we shall prove that X,..., W have the 
values stated for x/p,..., w/p in the theorem. But 
(8) 2=6DX , y=dDY, 2=82Z, w=DW. 


In the resulting expressions we replace 6& by é, 6n by n, Du 
by u, and Dv by », and obtain the values for z/p, ... , w/p 
in the theorem. Hence it suffices to prove the theorem for 
the case in which 2 and y are relatively prime. 

Then y is prime to w by (1). Hence there are solutions 
¢, ¢ of z=y¢+wf. Insertion into (1) gives 


(P—m)y+2weyf+we=ew . 


Since all terms except the first are divisible by w, while y? 
is prime to w, we must have ¢?—m=ew, where ¢ is an 
integer. Hence 


z=ey+2oyf +l? , 
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whence 2 is represented by a form (e, ¢, w) of determinant 
m. There is a linear transformation 


(9) y=vitun, ¢=sé+t), vt—us=1, 


with integral coefficients, which replaces (e, ¢, w) by the 
representative form (2) of its class. Hence z is represented 
by F(é, n). The inverse transformation 


(10) g=ty—ul, n=—syto 


replaces F'(é, ) by (e, ¢, w). By the coefficients of ¢, we 
get F(—u, v)=w. 

Thus y, 2, w have the values in Theorem 69 for p=1. 
The values of x may be computed by (1); or directly from 
(39) of § 53 if we replace a, b, c, r, s, v by e, f, 9, & n, —2, 
respectively. 

This completes the proof of the theorem. 


EXERCISES XXVI 


1. For m= —8, the solutions are derived from (5) by replacing 
each 5 by 3. 

2. Not all solutions (6) are included in (5). For p=t=n= 
u=v=1, (6) gives z=1 or —1, z=7. If these were of type (5), 
then p= +1 and +7=#+-5n?, which is impossible in integers. 

3. If we permit the interchange of z and w, we may choose 
the upper sign in x. Hint: Replace & 7, u, v by u, —v, —é, n, 
respectively. 

4. If m=1 (mod 4), all integral solutions of 


e+aeytz(l—m)y=zw 
are the products of an integer p by 
x=ekutfnu—(f+1)iv—gnv , y= +e, 
z=e2+ (2f+l)intgn, w=ew—(2f+lw+g’ , 
where the form z is restricted to representative forms, one from 


each class of discriminant m. If m<0, we may assume that 
these representative forms are positive and reduced. For, the 
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solution is unaltered when we replace &, 7, ¢, g, f, U, ¥, p by n, & 
—g, —e, —f —1, —v, —u, —p, respectively. 

5. In Ex. 4 we may take e=g=1, f=0 if m=—3; e=1, f=0, 
g=2, 3, or 5if m=—7, —11, or —19, respectively. If m= —15, 
we may take z to be [1, 1, 4] or [2, 1, 2] and get two sets of solu- 
tions. 

6. To solve 22+7?+Z?=W? completely, take z=W+Z, 
w=W-—Z, and apply (4). Since z—w is even, the parameters are 
subject to the condition +7 =u-+-v (mod 2). 

7. Similarly, solve B+Z?= W?, where B is either x2—my? or 
the form in Ex. 4. 

8. Solve 32?+5y?=zw. It suffices to take x prime to y. Write 
X=32, W=3w. Then X?+15y?=zW. We apply Theorem 69 
with the upper sign in x. Since p divides X =3z and y, p divides 
3. When p=1, and F=3#+-5n?, we have 


38c=8tu—Snv, y=+nu, 2=32+57?, 3w=3u?+5r*. 


Hence v=3V. Multiply the resulting values of z,...,w by an 
arbitrary integer p. Treat the remaining cases F=#+157? and 
(=, 


58. Problem. Find all integral solutions of 
(11) ax*+bay+cy?=zw . 


Any common divisor w of a, b, c divides zw. Hence we 
may write z= pZ, w=aW, where po =w, and obtain an equa- 
tion of type (11) in which a, b, c now have no common 
factor >1. It is known that az?+ ... represents an in- 
finitude of primes and hence is equivalent to a form whose 
first coefficient is a prime. Hence let a be a prime. As in 
§ 57, we may assume that x and y are relatively prime. 
We may multiply (11) by 4a, complete the square on 2, 
and proceed* as in Ex. 8. 

We may improve on this method by using 


* The author treated the general equation (11) by this method in 
Bull. Amer. Math. Soc., XXXII (1926), 644-48. 
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THxoreM 70. If a number is represented properly by a 
form [a, b, c] of discriminant d, then any divisor of that num- 
ber ts represented by some form of the same discriminant d. 

Let G be the g.c.d. of y and w. In (11), G divides az’. 
Since x and y are relatively prime, G divides a. Then 


y=Go, w=Gk, a=Gh, ha?+brwtcGw’=zk . 
Since w and k are relatively prime there exist solutions 6 and 
¢ of z=w9-+kf. Elimination of x gives 

aw + gokwf thee=zk, a=heP+be+cG, d=b+2h0. 


Hence aw’ is divisible by k. The same is true of a. Write 
a=ke, y=hk. Thus 


2=er+o0f +7"? . 


The discriminant of this form is equal to that of (11). 

Let this form z become a representative form F(é, 7) 
by a transformation (9) with w in place of y. As with (10), 
we get y=F(—u, v). 

THEOREM 71. All integral solutions of (11) are the prod- 
ucts of the same arbitrary integer p by x, y, 2, w, where 


(12) 2=e?+fint+gn?, y=G(vét+un) , 
aw/G?=ew?—fuvtgvr’ . 
Here G divides a. We may find x from (11). 


EXERCISES XXVII 


1. Solve 3x?+-5y?=zw by the last method. It suffices to take 
x prime to y. Here G=1 or 3. If G=3, (12) give integral values 
to z, y, w. Next, let G=1. First, let F=(8, 0,5). Then 3w= 
3u?+ 5v?, v=3V. Hence 


2=82+5n?, y=dVitun, w=w+15V?. 
The proposed equation gives +x=ué—5Vy. But if F=(1, 0, 15), 
then 
2=2415y?, y=vtt+3Un, w=38U?+5?, +2=UE—50n . 
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2. Solve 3a?+4y?=zw. 

3. Every divisor of a sum of two relatively prime squares is a 
sum of two squares. There exist infinitely primes 4n+1. Hint: 
If p were the largest such prime, use 7?+-1, where 7 is the product 
of all the primes Sp. 

4. Every odd divisor of z?+-3y? (x and y relatively prime) is of 
that form. There exist infinitely many primes 6n+1. Use 37?+1. 

5. Thereexistinfinitely primes8n-+5. Use(8-5-7 + + + p)?+4. 

6. Solve az?+bry+cy?=wuwie. Write z=wiw2 and employ 
all solutions of (11). Then z=pQ; Q=e#-+fin+gn?. Since p di- 
vides wyw2, we may write p=hiheo, wi=hiWi. Then Q=WiWs2, 
which is an equation of type (11). 

7. Hence solve 2?+y?= wow. 

8. Solve v?+ y?=zuow. 


59. Method of Euler and Lagrange. In his Algebra of 
1770, Euler obtained integral solutions of 
(13) ax? —my’=2 
by writing A and M for the square roots of a and m and 
assuming that 
(14) Az+My=(Au+ Mp), 
and the like equation with M replaced by —M. We get 
(15) z=av+3mw?, y=sauvv+m' >, z=auv?—mv. 
But he noted that this method evidently fails to give 
integral solutions with y=1 when a=2, m=5, whereas 
2a?-—5=2 for c=4, 2=3. 


Lagrange extended this method in 1769 and later in 
1774 in his addition to Euler’s Algebra. The function 


(16) £2 — mn? = (E+Mn)(E—Mn) 5) M=m ) 


evidently has the property that its product by u?—mv? is 
x*— my", where ; 


(17) z+ My=(E+Mn)(u+Mp) , 
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whence 
(18) x=tutmnv, y=totnu. 

Lagrange took =u, »=v, and concluded that 2?—my? 
=2 holds if r=w?+ mv, y=2uv, z= u?— mv’; then the fac- . 
tors in the second member of (17) are equal. Next, he took 
these values of x and y as new values of ~ and n: 

gE=wW+m’, n=2u, §+Mn=(ut+Mo)?, 


and concluded that z?—my?=z> has the solutions (15) 
with a=1. 

A repetition of this process evidently leads to (certain) 
solutions of «?—my?=2". 

But this method rarely gives all integral solutions, even 
after inserting an arbitrary integral factor of proportion- 
ality. For example, by Lagrange’s first remark, 2?—my?= 
zw has solutions given by (18) and z=2—mr?, w=w?—mv’. 
For m=-—5, these are essentially (5), while the further 
solutions (6) are not found in this way. 

While this method fails to meet the modern require- 
ment of finding all integral (or rational) solutions, it has 
the merit of yielding quickly an infinitude of them. 


EXERCISES XXVIII 
1. Generalize (16), etc., to -+-ain+bn’?=(é+an)(E+6n), 
where a and £ are the roots of a?—aa+b=0. 
2. Let ai, a2, a3 be the roots of a’—aa’+ba—c=0. Then 
F(a, y, 2) =UW(e+ay+ajz) =a +ary+ (a —2b)2+bry 
+ (ab—3c)xyz+ (6? —2ac)x2?+cy?+-acy’z+beyz? +c’ . 
If etayta%=(t+an+a7)(u+av+aw), evidently F(z, y, z)= 
F(é, n, £) Fu, », w). Taking =u, n=0, [=w, we see that F=o? 
has the solutions 
z=w+2cw+acu* , y = 2uv — 2bvw+ (c—ab) wv’ , 
g=2uw+v?+2avw+ (a@—b)w* , o=F(u, », wv) . 


Show how to solve F=o°%. 
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3. In Ex. 2 make z=0 by choice* of u in terms of » and w. 
Hence find solutions of z3+az*y+bry?+cy’=o7. For the case 
a=b=0, multiply z and y by w? and o by w%, and take v=2V. 


We get 
2=4V(ew8+ V3), y=w(cw®—8V%) , 


o=F(—2V?, 2Vu, w?) = —8V%+ 20cV2u3+- cw . 
4, Treat the case a=b=0 of Ex. 2 by determinants. Then 
Gr GE 
Fiat) en een oN Is e=c. 
Gane Si) 


The product of two such determinants is one of the same type. 


* Legendre took v=(t—a)w, 2u=(b—#@)w. 


CHAPTER VII 
INDEFINITE BINARY QUADRATIC FORMS 


Partly in view of the important applications to minima 
in chapter xi, we here develop the theory of reduction and 
equivalence for all real, indefinite forms. The methods and 
results are in marked contrast with those in chapter v for 
definite forms. 

60. Relations between the roots of equivalent forms. 
In § 40, we saw that a real form 


(1) q=l[a, b, c]=a2?+bary+cy? 


having a positive discriminant d=b?—4ac takes both posi- 
tive and negative values and hence is called an indefinite 
form. Let R denote the positive square root of d. Now 
x—wy is a factor of q if and only if 


(2) aw’+bw+c=0. 

Its first and second roots are respectively 
R—b —R—b 

(3) ee 20 SS 86, 


We assume that a0 and that neither root is rational (this 

is true of every integral form with d not a square). Then 

the values of f, s, and R uniquely determine a, b, c. 
THeoreM 72. Let the integral transformation 


(4) «z=aX+6Y, y=yX+6Y , ad—By=1 
replace q by Q=[A, B, C]. Then their first roots f and F and 


their second roots s and S are connected by the relations 


_aF+B _aS+B 
(5) ary Ee ees? 
99 


ad—By=1. 
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For, (4) replaces x—wy by t((X —QY), where t=a—wy# 
0 and 


(6) 


Q= —B+é6w 


a—ywo ~ 
In (6) we replace w by (+R—b)/(2a) from (8) and get 


FyR+yb+ 2aa ) 4aA SAG 


by multiplying the numerator and denominator of the first 
fraction by +yR+~+7b+2aa and employing ad—fy=1 and 
the values of A and B in §38. Hence Q=F when w=f, 
and Q=S when w=s. The theorem follows since the solved 
form of (6) is 

aQ+B 
(7) o= Aiko: 


We next prove the converse theorem. 

THEorEM 73. If q and Q have the same discriminant d 
and wf their roots are connected by relations (5), then trans- 
formation (4) replaces q by Q. 

For, let (4) replace g by 7’, whose first and second roots 
are ¢ and o. By Theorem 72, 


faces gate tB 
yot+s’ yo+s 


Hence ¢=F, c=S. We saw that the two roots and R?=d 
uniquely determine the form. Hence T=Q. 
61. Reduced forms. The form gq is called reduced if 


(8) Tishs = “sl sh fee 


Then, by (3), R—b and R+5 are of like sign and the former 
is numerically less than the latter. Hence 0<b<R, and 


(9) 0<R—b<2|a|<R+b. 
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Conversely, (9) imply b>0 and (8). Hence [a, b, c] is 
reduced if and only if (9) hold. 

Note that f and a have the same sign, and ¢ the oppo- 
site sign since 4ac=b?—R?<0. In view of 


(R—b)(R+b)=4|ac| , 


(9) are equivalent to the like inequalities with a replaced 
by c. 

TuHeEoreEM 74. If one of [a, b, c] and [c, b, a] is reduced, the 
other is reduced. 

TueroreM 75. Every real form of discriminant d>0 is 
equivalent to a form [a, b, c] in which 
(10) |b] S|a| sV4d. 


We first show how to secure the second inequality. If 
|a| >V 3d in a given [a, b, c], we apply transformation 
r=hX+Y, y=—-X 


of determinant unity and obtain [A, B, a], where B= 
2ah—b. We can choose an integer h such that |B] <|a|. 
Then 

4Aqa=B’—-d<B’sa@?, —4Aa=d—B’sd<3a’. 


Hence 4|Aa| <3a’, |A|<2|a| . 

If |A| >V 14d, we repeat the discussion and obtain an 
equivalent form [A1, Bi, A] having |A:|<2|A|<(@)?la|. 

Since (2)" may be made as small as we please by taking 
n sufficiently large, we ultimately obtain an equivalent 
form [a’, b’, c’] in which |a’| $<V/4d. Replacing x by x+ky, 
we obtain [a’, 8, y], where 8=b’+2ka’. We can choose an 
integer k such that |8| <|a’|. This proves Theorem 75. 

TuroreM 76. Every real form is equivalent to a reduced 


form. 
We may assume that b?< 3d by (10); but we make use 
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only of b?<d. Then 4|ac| =d—b?Sd, whence not both 
2\a| and 2|c| are >R. If necessary, we replace x by y and 
y by —2, and have 2|c| SR. Also, c#0 since neither root 
of (2) is rational. By repeated duplications of the segment 
from R—2|c| to R, we obtain the complete line. Hence to 
any real b corresponds a real b’ within our segment such 
that b—b’ is the product of 2|c| by an integer, whence 
b—b’ =2kc, where k is an integer. In [a, }, c] replace y by 
y—kzx. We get [a’, b’, c]=¢. Since b’ is in the segment, 


0<R—b'<2\c| <R+0'. 


If any of these signs were =, one of the roots of ¢ would 
be 0 or +1, whence a root of [a, b, c] would be rational, 
contrary to hypothesis. Hence ¢ is a reduced form. 

The process furnishes an integral transformation of de- 
terminant 1 which replaces the given form by a reduced 
form. J 

62. Chain of equivalent, reduced forms. Consider the 
following case of transformation (4) and (7): 


(11) r=Y, y=—X+6Y; * 3-9. 


As in § 41, it replaces g=[a, b, ai] by the right neighboring 
form r=[ai, 61, ae], where 


(12) b= —b—26a, ; 


and de is then found from the discriminant. 

TuHroreM 77. Every reduced form q has one and but one 
reduced, right neighboring form. 

Let f and s denote the first and second roots of g. Let 
|5| denote the largest integer <1/|f|, while 5 has the same 
sign as f and a, and hence the opposite sign to ai. By (8), 


|5|>0. For this 6, (11) replaces g by r, whose first root is 
1 

(13) F=§--. 
Jd 
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Hence F is numerically <1 and has the opposite sign to 5 
and f. Since the sign of s is opposite to that of f and 6, the 
second root S=é—1/s of r is of the same sign as 6 and is 
numerically >1. Hence r is a reduced form by (8). 

Moreover, 7 is reduced only when 6 is chosen as indi- 
cated. For, if gand r are reduced, F has the same sign as a1, 
and f has the sign opposite to ai. Thus |f| <1, |F| <1, and 
(13) require that 5 be of the same sign as f and that |6| be 
the largest integer <1/|f]. 

THEOREM 78. Every reduced form has one and but one 
reduced, left neighboring form. 

For, if [a, b, ai] is reduced, also [a1, b, a] is reduced by 
Theorem 74. The latter has a unique reduced, right neigh- 
boring form [a, 1, m]. Hence the reduced form [m, 1, a] has 
[a, b, a;] as a right neighboring form. 

Lety@) be any reduced form. Let , and €_, be its 
oique waed right and left neighboring forms. In this 
manner obtain a chain 


(14) se ea by De ahs): 2 


of equivalent, reduced forms. 

63. Determination of reduced, integral forms. 

THEOREM 79. There is only a finite number of reduced, 
integral forms of a given discriminant d>0. 

By (9), 0<b<R. Also, b is even or odd, according as 
d=0 or 1 (mod 4). For each such integer b, we express 
the integer }(d—b?) = |ac| in all ways as a product of two 
positive integers which lie between 3(R—b) and 3(R+5). 
and prefix opposite signs to the factors. 

For example, if d=12, then b=2, |ac| =2. The four reduced 
forms lie in two chains ®y=[1, 2, —2], ®:=[—2, 2, 1], and 
[—1, 2, 2], [2, 2, —1]. According as 6=1 or —2, transformation 
(11) replaces &p by &; or B; by Po. 

If d=17, either b=1, |a|=|c| =2, or b=3 and one of |a| 
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and |c| is 1 and the other is 2. The six reduced forms lie in one 
chain: @=[1, 3, —2], @:=[—2, 1, 2], ®2:=[2, 3, —1], B= 
[—1, 3, 2], u=[2, 1, —2], 6; =[—2, 3, 1]. The successive values 
of 6 are 1, —1, 3, —1, 1, —3. Transformation (11) with 6=—3 
replaces ®; by Po. 

64. Periods. For integral forms, the members of a 
chain (14) are not all distinct. The first coefficients of ad- 
jacent forms have opposite signs. Let therefore ®;=®;+2n. 
Their left neighboring forms are identical, etc., whence 
@)=®,. Hence every form in the chain is identical with 
one of o, ... , Pen—1. These will be distinct if m is chosen 
so that py is etinc: from the others. Then these 2n forms 
are said to form a period. 


EXERCISES XXIX 
Find all periods as follows: 


fives i ae ay 

QdeSl 2 1p (=v 2 Ap 

Sede ld [ie 1 0 Si 

4, d=20, [1, 4, —1], [—1, 4, 1]; and [2, 2, —2], [—2, 2, 2}. 
5. d=, {t, 3, —8], [=3,-3, 1iand [—1, 3, 3), 823, — ih 
6. d=24, [1, 4, —2], [-2, 4, 1]; and [—1, 4, 2], [2, 4, —1]. 
7a=h2, [8, 2, —4 [—4, 6, Ul, [6 — 4h tae ae 


3 ] 
[3, 4, —3], [—-3 2, 4], [4, 6, 1], [=i 6, 4], [4, 2, —3], [=3; 4, 3]; 
and [2, 6, —2], [—2, 6, 2]. For the period of ten, the 6’s are 1, 
ST gn ge RENE meng a 2 
8. d=221, [5, 11, —5], [—5, 9, 7], [7, 5, —7], [—7, 9, 5]; and 
[1, 18, —13], [—18, 18, 1]; and two periods derived from these by 
changing the signs of all extreme coefficients. 


65. Notations. It is convenient to write 
(15) S={-—1)*4i, 8; (-)4G1. 
Let transformation (11) with 6=6; replace ®; by @;41. By 
(12), 
(16) By+ Bi41=29;A i41 , gi= (—1) 8; . 
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Since the chain (14) is determined by any one of its 
members, we may choose ®y so that Ao is positive. Then 
A;, Bi, gi are positive for every 7. If f; and s; are the first 
and second roots of ®;, write 


es oak Gon) as 
(17) Fj= - ease ; 
Since the discriminant of (15) is d= R?, 
Co oes ear 40 51 


2A ye OA 
By (11), 1/f:=6:—fi+1 and similarly with s instead of f. 
Multiplication by (—1) gives 


1 1 


(19) BOR ) a Le ; 


after the subscripts in the second are reduced by 1. 


For the example d=12 in § 63, g=1, gi1=2, Ba=Ho, whence 
1 1 1 
Fo=1+q, F\=2+75, F.=Fo, Fo=1+—— . 
Fy F, 9 1 
+ — 
Fo 
Hence we have a development of Fo into a periodic continued 
fraction, as will be explained next. 


66. Continued fractions. For p>0 let 
1 1 a 1 
Ut Saree , Dia Ga» Ue peeves 


where qi, 2, g3,.--are the largest integers Sp, Spi, 
<po,..., respectively. While gi may be zero, qo, q3,. . 
are all =>1. In case g,=px-1, the equations stop with the 
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kth. In any case, p is said to have the following develop- 


ment into a continued fraction: 


i! 
p=at——— 5 


which is denoted by (q1, q2, d3,---) - 
The first three convergents to p are defined to be 


q1 1 Pa 1+ 41q2 ° (1+4192)¢s + 

Lt, in ee eed peouae ee 
where the third was derived from the second by replacing 
gz by g2+1/q3. Similarly, we define the successive con- 
vergents by the property that the (r+1)th convergent is 
derived from the rth convergent by replacing g, by 
Qr+1/Gr41- 

TuHrorEM 80. The kth convergent to (qi, q2, .. -) vs the 

quotient nz/d;, of 


(20) Ne = NM — 19k + Nk—2 ) dy = di —194 + di-2 : 
This is seen to be true when k=3 if we take 
(21) m=, d,=1, N2=1+41G2 ) dz= Qe : 


Let the rth convergent be the quotient of the values (20) 
for k=r. Then the foregoing property gives for the (r+1)th 
convergent the value 


Nr —1(Qr +1/Qr-41) EM —2 _ Nr + Ny—1/Gr41 
d,—1(Gr+1/G+1) ~Kd,.3 de dp i/ Opi 2 


where the equality follows from (20) with k=r. The final 
— fraction is seen to be the quotient of the numbers (20) for 
k=r+l1. This completes the proof by induction. Ex- 
pressed otherwise, the numbers m, d,(k=1, 2, 3,...) de- 
fined by (20) and (21) are such that n;/d; is the kth con- 
vergent to (q1, gz, ... ). 
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Multiply equations (20) by d,1 and —m,_1, respec- 
tively, and add. We get 


NA —1 — Ae M1 = — (m,~1dk—2 — d,—1Ne—2) . 


Hence the product of the left member by (—1)* is unal- 
tered when k is replaced by K—1 and hence its value is in- 
dependent of k. For k=2, it is (1t+qq@)—@q=1. This 
proves 

THEOREM 81. For the numbers defined by (20) and (21), 


(22) .dp—1 —A,Ny-1= (—1)* . 


Since 7; and d; are therefore relatively prime, the frac- 
tion n;/d; computed by means of (20) is irreducible. 


Consider p=(qi, gz... )=(q1,--+- , Q-1, Q), Where 
therefore g=(q:, Q:+1,.--). Replace gq, by Q; and write Q 
for (Qk, Qe41,.-.-). Hence P=(qi,..., gr-1, Q) is derived 
from p by replacing q by Q:. By (20), 

N 

Ee Tp , N=m~-19+M%~2 ) D=d,-19+di~2 . 

Hence 
pa aQtm-2 
d~1Q+dy—2 ° 


We find that P<p if mQ<mq, where 
m= dy—~2M—~1— M21 = (—1)*“! 


by (22). If k is odd, the condition is therefore Q<q, which 
is equivalent to Q.<q.. But if k is even, the condition is 
Q>q or Q> &. 

TuHeoreM 82. If in p=(qi, Qo...) we decrease dK, 
the value of p is decreased when k is odd, but increased when 
k is even. If we increase q, the value of p is increased when 
k is odd, but decreased when k is even. 
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Turorem 83. If (q1,.--,r) has the kth convergent 
nz/d, for k=1,..., 7, then 


d, 
a= (er Qr—1, +++» 2) 91) ’ Fd epee qe) = 
For, by (20), 


NU, i di: 


a asl 
N—-1 de N,—1/M—2” 4 di —1 : dj, ~1/dy—2 


We use this for k=r, r—1, .. . , 3, but use 
Te E- a? he. 


which follow from (21). Hence the theorem is true. 
From (19) we have at once 


(23) Fi=(Giy 9it1, Gita, ---), Ss=(O, gis, Gea, . - -) 


whence 
1 
(24) -=Fy= (Jo, Ji, +++ 5 Gi-1, F,), 


0 
: 1 1 
(Da (o.-1 if Oe I =) 


For the example with d=17 in § 63, we have Fo=(1, 1, 3, Fo), 
whence the triple 1, 1, 3 is repeated periodically. We use the no- 
tation Fo= (1, il ay This result. may be verified by converting 
1/fo=4(7/ 17+3) into a continued fraction. 


67. Equivalent, reduced forms. 

THEOREM 84. Two equivalent, reduced forms of the same 
positive discriminant d belong to the same chain. 

It suffices to prove this when either form is replaced by 
its right neighboring form. Hence let g and Q be two dis- 
tinct equivalent, reduced forms whose first coefficients are 
positive. Then their first roots f and F are positive and 
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<1, while their second roots s and S are negative and 
numerically >1. Let T be a transformation (4) with inte- 
gral coefficients of determinant 1 which replaces q by Q. 
Hence their roots satisfy relations (5). Since we may 
change the signs of the four coefficients of 7’, we may as- 
sume that either a>0, or a=0, y>0. 

If a=0, then y=1, B=—1, and, by (5), 


Le 
i) 


a contradiction. Hence a=1. By (5), 
1_y+6/F 1 ++6/S 


—6=F+4+->1, s=-S—*>1, 


eeerreg: Se ated eSl- 
Hence 
28) (F-v)(@F+a)=1, (2-7) (@8+e)=1. 

If B=0, then a=d=1 and (26:2) gives 

Ng oa Be =—1 a 
leeade > Yet, lyi<1, y=0 


If y=0, then a=5=1 and (26,) gives B=f—F, |@| <1, 
8=0. In both cases, 7 is the identity transformation and 
q=Q, contrary to hypothesis. Hence py+0. 

If B>0, then aFf+68>1, a/f—y<1, y+1><a/f><a, 
yea. If y>0, then a/s—y<-—1, 0>aS+6>-—1, 
B+1>-—aS>a, B2a. These prove that if y<0, then 
B<0, and conversely. Hence By>0. Then ad=6y+1>1, 
6>0. 

If B and y are negative, we employ the inverse of T, 
which replaces Q by g. Hence after interchanging g and Q 
if necessary, we may assume that a, B, y, 6 are all positive. 
Thus y2a, BZa, 


6B =aéb> By , 6>Y; by =ad> By, 6>B. 
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Hence a and y give a solution of 6z—fy=1 in positive 
integers x, y such that x<6, y<é. From 6(4—a)=B(y—7) 
and the fact that 6, 6 are relatively prime, we have z-—a= 
gm, y—y=6m, where m is an integer. But x—a is numeri- 
cally <6. Hence s—a=0, y—y=0. The unique solution 
may be found as follows. We develop 6/8 into a con- 
tinued fraction (go, gi,..., 9i-1), Where each g21. We 
may assume that 7 is even. For, if 7 is odd and the con- 
tinued fraction terminates with u+1/v, we replace this by 
the single term u+1 if v=1, but by 
1 
“tG-D+i/l 


Let y/z be the ({—1)th convergent. Since 6/8 is the 7th 
convergent, (22) for k=7 gives 6x—By=(—1)'=1. By (20) 
and (= ibs Ne > Ne-1, a.= dy—1, viz., Dae Baa. Wesaw that 


the unique solution is x=a, y=y. Hence 


rie ees Le 


T= (go, 9iy +++) Ji—2) . 


By (20) with k=7+1, we have 


1\ _6/F+¥ 
Joy Ji, +++ 5 Gi-2, Ji-l FG ~B/F+a0’ 


which is 1/f by (25). Since 1/F>1, this is the continued 
fraction for 1/f up to the term g;-1. But the development 
of 1/f into a continued fraction is unique. Hence if we 
write fo for f, we see from (24) that 1/F=F;, whence 
F=(—1)*fi=f; by (17). Here f; is the first root of @; in 
the chain containing d)=q. 

It remains to prove that the second root s; of ®; is equal 
to S. We apply Theorem 83 to 6/8=(go, . . . , gi—1), Whose 
(t—1)th convergent is y/a, and conclude that 


6 
yey Gis a oN Pain stehiy Gib. 
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= 


By (20) with k=i+1, we get 


—sd+ 
(gi-1, Ji-2) +++ 5 91, Jo, 2 ae ? 


which is —S by the solved form of (52). Since 1/S8)=—s 
>1, we see by writing s) for s, and, using (24), that 
SSS —S. 

Since Q and 4; have the same first roots, same second 
roots, and same discriminant, they are identical. 

68. Lower bound of numbers represented by a form. 

THEOREM 85 (Lagrange). If the forms [a;, bi, ai41] con- 
stitute a chain of reduced forms of discriminant d= R?, the a; 
include all numbers numerically <3}R which are represented 
properly by a form in the chain. 

Let a be represented properly by such a form. There 
is an equivalent form [a, B, C] with the first coefficient a. 
As in the proof of Theorem 76, we can determine b be- 
tween R—2|a| and R such that b—B is the product of 
2|a| by aninteger. Hence [a, B, C] is parallel to f=[a, b, c}. 
Since 2|a| <R, f is a reduced form by (9). Hence a occurs 
among the a. 

THEOREM 86. The lower bound of the absolute values of 
the numbers represented by f for integers x and y, not both 
zero, is the lower bound of the |a;| of the chain of reduced 
forms equivalent to f. 

For, in a reduced [a, }, c], b>0, Rh? =b?—4ac, ac<0, 
whence 4|ac| <R®, and the lesser of |a| and |c| is <3R. 
Hence f represents properly an integer numerically <3fR. 
Our theorem now follows from Theorem 85. 

69. Automorphs. Let g=[a, b, c] be a primitive, inte- 
gral form of discriminant d>0. Let (4) transform q into 
itself. By (5), 

aw+B 
ox 


Res a yu? + (5—a)wo—B=0 
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holds for each root of g. Henee its coefficients are propor- 
tional to those of (2): y=au, 6-a=bu, B=—cu. Unless 
u is an integer its denominator contains a factor>1 which 
divides a, b, c, whereas q is primitive. Write ¢ for a+6. 
Then 
ad =By+1l=1-—acuw? , ?=(6—a)?+4a6=4+dv’ . 

TurorEM 87. Every automorph (é : 
integral form [a, b, c] of discriminant d>0 has 
(27) a=3%(t—bu) ’ B=—cu, yrau , 5=3((+bu) ’ 


) of a primitive, 


where t and u are integral solutions of 
(28) P—du?=4. 


Conversely, if t and u are integral solutions of (28), the 
numbers (27) are integers and define an automorph. 

It remains to prove the converse. Since 2a and 26 are 
integers whose sum is the even integer 2¢, they are both 
even or both odd. But 

ad =} (?—b?u?) =1—acw? 
is an integer. Hence 2a and 26 are both even. 

Let A denote transformation (4) for the values (27). 
That A is an automorph of q will follow from the canonical 
form which A takes when it is expressed in terms of new 
variables which are the factors of q: 

(29) é=w+Ry, n=w—Ry . (w=2ax+by , R=V 4d). 
Write W for 2aX+bY. Then 
2y=uW+tY , 2w=iW+duyY . 


Analogous to (29), write ’=W-+RY, n/=W—RY. Then 
A takes the canonical form 


(30) E=3(t+Ru)e’, n=3(¢—Ru)n’. 
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By (28) this leaves 7 =4aq unaltered. Hence A is an auto- 
morph of gq. 

70. All integral solutions of (28). 

THEOREM 88. Equation (28) has a solution with ux<0. 

We employ a primitive, integral, reduced form 4) 
whose first coefficient is positive. Let 2n be the number of 
forms in its period (§ 64); let f be its first root. By (24), 


1 * * 
aa (Go, Gay «<= 5 Gan—1) 
Let y/a and 5/8 denote its (2n—1)th and 2nth convergents. 


Since 
== ( /) 
7 EEE ot Fg be) 


we see by (20) and (22) that 


A ia i af+6 
== = —By=1. 
peatat = ate Pr 

Hence (* ) is an automorph of 9. Then by (27) we ob- 


tain a solution t, w~0 of (28). 

For our example with d=17 in § 63, y/a=(1, 1, 3, 1, 1), 
vy =16=u, 9=a=}(t—3u), t=66. 

We proved that (28) has a solution t#0, u¥0. Then ¢, 
+u, and —t, +ware solutions. It therefore suffices to find 
the positive solutions. If ¢, u and ¢’, u’ are two such sets, 
and t/>t, then u’>u. Hence there exists a set of integral 
solutions T7>0, U>0, such that if ¢, wu is any further posi- 
tive solution, then i> 7, w>U. We shall call (7, U) the 
least positive solution. Write 


(31) e=3(T+RU) , 
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and let E be the automorph given by 7, U. By (80), E” is 
an automorph given by positive integers tn, Un defined by 


(tn +Run) =e" . 

Every positive solution (¢, u) is one of these (tn, Un). If 
this were false, there would exist an integer n=1 such that 
(82) e*<4(t+Ru) <e*t' , 
since e>1. If (¢, u) gives the automorph A, then in 

2(t-+Ru) +» 3(tn—Run) =3U+Rv’) , 


t’, uw’ give the automorph AH~-” and hence are integers. 
Multiply (82) by 1/e"=$(t,—Run). We get 


1<$(’+Ruw’) <e. 
By the first inequality and (28) in accents, we get 
4 +Ru’)-3(7’—Ru’)=1, 0<3@¢—Rw’) <1, 


whence ¢’ and w’ are positive. Hence t/= 7 and u’=U, and 
3(t’/-+Ru’) =e, contrary to our second inequality. 

TuEorEM 89. For d>0, all sets of integral solutions t, u 
of (28) are given by 


3(t-+Ru) = +[3(T+RU)} (k=0, +1, +2,...), 


where T, U give the least positive solution, and R= Vd. 


EXERCISES XXX 


1. There is a period of two reduced forms having a=1 in ®p 
if and only if d=6?C?+-4C holds for positive integers 6, C. Then 
®)=[1, 6C, —C], €:=[—C, 6C, 1], and (28) has the solution 
‘t=2+8C, u=6. Apply to d=5, 8, 12, 18, 20, 21, 24, 221 (Ex. 
XXIX). 

2. Show that Theorem 87 holds also if d<0. Hint: Equate 
the two forms in Theorem 68, and obtain aa+by=6a, cy=—§a. 


§ 71] PROPER REPRESENTATIONS 115 


3. Solve (28) when d<0. If —d>4,t=+2, u=0. If —d=4, 
the further solutions are =0, w= +1. If —d=3, the six solu- 
tions are (¢, u)=(+2, 0), (+1, 1), (+1, —1). 

4. Let d be positive or negative. If H is the automorph given 
by T, U, and if B is the automorph ¢=—2’, »=—7’ given by 

= —2, u=0, all automorphs are given by E*, H'B (k=0, +1, 
42,...). If d<0, B and hence all automorphs are powers of E. 

5. Deduce the theory of Pell’s equation w?—Du?=1 by tak- 

ing d=4D. 


71. Proper representations. The theory in § 46 holds 
for any d. When d>0, we now know how to find the in- 
finitely many automorphs. 

For example, let d=8. Then N?=2 (mod m) requires 
that each prime factor >2 of m be = +1(mod 8) and that m 
be not divisible by 4. If there are r distinct such prime fac- 
tors, there are exactly 2’ roots. For a chosen root N, deter- 
mine l by N?—ml=2. Then Q=[m, 2N, I] has discriminant 
8 and hence is equivalent to g=2?—2y’, since there is a 
single period. Let T replace g by Q, and let A be the general 
automorph of g. Then AT and no further transformations 
replace g by Q. The coefficients in the first columns of the 
matrices of AT’ give all proper representations of m by q 
which belong to this root N. There are 2’ such formulas 
giving all proper representations of m by q. In particular, 
every prime 8k+1 is represented by both 2?—2y? and 
22? —y?. 

EXERCISES XXXxI 
1. For m=7-17 the roots are +11, +45; T= (ea ay 
13, + 5 
( +5, 2 
by 2?—2y? are 
+llw—2u, —w+11u; 13w+10u, +5w+13z , 
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where w?—2u?=1. 
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2. The odd numbers represented properly by 2?—5y? are 
the products of primes = +1 (mod 5) and 5. All proper represen- 
tations of 11 are x= +4w—5u, y=w ¥4u, with w?—5uv?=1. 


FIND ALL PROPER REPRESENTATIONS 
3. Of 13 by 2?—3y". 
4, Of 48 by 2?—6y’. 
5. Of 23 by 2?—13y?. 


72. Indefinite, ambiguous forms. 

TuHEoREM 90. Every integral, indefinite form f which is 
improperly equivalent to itself is equivalent to an ambiguous 
form. Every period which contains an ambiguous form con- 
tains exactly two ambiguous forms. 

Without loss of generality, let f=[a, b, a1] be reduced. 
Since f is improperly equivalent to itself, it is equivalent to 
its associate ¢=[a1, b, a]. By Theorem 74, ¢ is reduced and 
hence is in the period of f. If the reduced, right neighboring 
form to f is f1:=[q1, bi, ae], the associate ¢;=[de, bi, ai] of fi 
is the reduced, left neighboring form to ¢. Similarly, if the 
reduced, right neighboring form to f; is fo, the associate 
$2 Of fo is the reduced, left neighboring form to ¢;. Proceed- 
ing in this way forward from f and backward from ¢, we 
come ultimately to a pair of associates [A, B, C] and 
[C, B, A] which are neighboring forms in the period. Hence 
B+B=0 (mod 2C) and [C, B, A] is an ambiguous form. 

Similarly, by going backward from f and forward from 
¢, we reach ultimately a pair of neighboring forms, one of 
which is ambiguous. 

Conversely, if a period contains an ambiguous form 
[C, B, A], its left neighboring form is its associate. 


CHAPTER VIII 


SOLUTION OF az?+by?+cz2=0 IN INTEGERS 


73. Introduction. This equation has had a long history 
and is of especial importance in the theory of numbers. 
Although it was treated in §§ 29-31, we there assumed that 
it has a known solution. We shall here establish necessary 
and sufficient conditions for the existence of integral solu- 
tions and then show how to find all solutions. For later, 
important, applications we require a knowledge of the solu- 
tions in which 2, y, 2 are relatively prime in pairs, and 
among them the solutions which satisfy certain congru- 
ences. To obtain all these results it is necessary to go deep- 
ly into the theory of this classic equation. 

74. Theorem 91. Under the following assumptions: 


(1) ae coefficients are relatively prime in patrs, are not all 
of the same sign, and no one ts zero; 

(2) No coefficient has a square factor >1; 

(3) ax? +by?-+cz? =0 

has integral solutions, not all zero, of and only if 

(4) —bc, —ca, —ab are quadratic residues of a, b, c, re- 


spectively. * 


* First stated and proved by Legendre, Mém. Acad. Sc. Paris 
(1785), pp. 507-13; Théorie des nombres (1798), pp. 438-50; ibid. (2d 
ed., 1808), pp. 35-41; ibid. (8d ed., 1830), I, pp. 41-48. A proof by 
means of quadratic forms in three variables was given by Gauss, 
Disquisitiones arithmeticae (1801), arts. 294-98; Werke, I (1863), 
349; ibid. (German trans., Maser), pp. 335-43. We here give essen- 
tially Dedekind’s proof in Dirichlet’s Zahlentheorie (2d ed., 1873; 
3d ed., 1879; 4th ed., 1894), §$ 156-57. In Norsk Matematisk 
Tidsskrift, X (1928), 50-54, T. Skolem gave Dedekind’s proof with- 
out employing index, but with a supplementary computation; an 
analogous proof had been given by Lagrange, Mém. Acad. Sc. Berlin, 
XXIII (1769, année 1767), pp. 385-406; Giwres, II, 384-99. 
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I. Let (3) have integral solutions not all zero. After 
removal of common factors, we get a solution x, y, 2 whose 
g.c.d. is 1. Then if 2 and y have a common prime factor p, 
p? divides cz’, but not c, whence p divides z, whereas p is not 
a common factor of x, y, 2. In this way we see that 2, y, z 
are relatively prime in pairs. 

Then a and z are relatively prime. For, if they had a 
common prime factor p, by? would be divisible by p, where- 
as a is prime to b, and z to y. Hence zw=1 (mod a) has 
a solution w. Multiplication of (3) by bw* yields —bc= 
(byw)? (mod a). The further cases (4) follow by symmetry. 

II. Assume (1), (2), and (4). We shall prove that (3) 
is solvable. In case the positive integers 


(5) |bc| , ea], |ab| 


are all distinct, the index of (3) is defined to be that one of 
the three which lies between the remaining two. But if two 
or three of the numbers (5) are equal, the index is defined 
as the common value of the two or three equal ones. 

When the index is 1, at least one of the numbers (5) is 
1, say |ab|=1. Then the numbers (5) are |c|, |e], 1, 
whence |c| =1 by the definition of index. Since a, b, c are 
not all of like sign, we may take a=1, b=—1. Then (8) 
has the solution x=1, y=1, z=0. This proves the theorem 
for equations of index 1. 

To proceed by induction, we assume that Theorem 91 
holds for all such equations (3) whose index is <J, and 
prove it for index J. Hence lect (3) have the index J=2. 
By the symmetry, we may assume that 


(6) la] S|b| Sle]. 


Then |ab| <|ac|<|bc|, whence J=|ac|. Since b and c 
are relatively prime, |b|=|c| would imply |b| =|c| =1, 
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and |a|=1 by (6), whence J=1, contrary to hypothesis. 
Hence 


(7) lal] S|b]<|e], ab] <|ac|=JS |be| . 


By (4) there exists a solution r of ar?=—b (mod c) 
such that |r| $4|c|. We have 


(8) ar’+b=cQ, 
(9) jq| sel stlaci+|2) <ysti<s. 


The case Q=0 may be excluded. Since b is prime to a 
and has no square factor, b=—ar? implies |r| =1, 
b=—a=+1, whence (3) has the solution r=y=1, 2=0. 

We shall reduce (3) to a similar equation of smaller 
index. Let A be the g.c.d. of the three terms of (8), whence 
A is the g.c.d. of any two of the three terms. Since A di- 
vides 6, it is prime to a and c. Hence A divides 7? and Q. 
But the divisor A of b has no square factor >1. Hence A 
divides r. We may write 


(10) r=Aa, b=AB, Q=Aq=AC7, 
where 7” is the largest square dividing g. Thus (8) gives 
(11) aAa’+B=cCy’ , 
whose three terms are relatively prime in pairs. Write 
B=af. We shall prove that 
(12) AX?+BY?+CZ?=0 
has properties (1) and (2), while 
(13) —BC, —CA, —AB are quadratic residues of 
A, B, C, respectively. 


Evidently no one of A, B, C is zero. Since a and 6 are 
relatively prime and neither has a square factor >1, 
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AB=ab implies that neither A nor B has a square factor 
>1, and that A and B are relatively prime. Since y’ is the 
largest square dividing g=Cy’, C has no square factor >1. 
Since the terms of (11) are relatively prime in pairs, C is 
prime to aAB=AB. 

Next, A, B, C are not all of the same sign. This is true 
if ab=AB is negative. Hence let ab be positive. By (1), 
ca and be are negative. Then 


c(ar-+b) =?Q=CACY’ 


shows that AC is negative. This completes the proof that 
(12) has properties (1) and (2). 

By (11), whose terms are relatively prime in pairs, we 
see that BcC, acAC, and —aAB=—AB are quadratic resi- 
dues of aA, 8, and C, respectively. It remains to prove the 
first two parts of (13). By (4), —be=— Ac and —ca are 
quadratic residues of a and b=A§, respectively. Since 
BcC and —ca are quadratic residues of A, the same is true 
of their product — BCc’ and hence of — BC. Since —ca and 
acAC are quadratic residues of 8, —~AC=uw? (mod 8) has a 
solution u. Since BcC and —BAc are quadratic residues of 
a, —AC=v* (mod a) has a solution v. Since a and 8B are 
relatively prime by (i1), there is a solution w of w=u (mod 
8), w=v (mod a). Hence AC+u”’ is divisible by 6 and a 
and hence by Ba= 8B. This completes the proof of (13). 

By (7), (9), and (10), 


|AB|=|ab|<J, |CA|S|CAl|y=|Q|<J. 
Hence the index I of (12) is <J. By hypothesis, (12) has 
integral solutions X, Y, Z not all zero. Take 
w=AaX—BY, y=X+aaY, 2=CyZ. 
Then by (10), (11), and B=af, we get 
ax’+by?+ cz2= cCy?(AX?+ BY?+CZ2)=0. 
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If z=y=0, elimination of X gives (8+Aaa?)Y=0. The 
first factor is not zero by (11). Then Y=0, X=0, whence 
Z=0, contrary to what precedes. This proves Theorem 91 
by induction. 

Repetitions of our reduction of the index leads to an 
equation of index 1 having an evident solution. Hence our 
theory furnishes a method of solving (8). 

Corotuary. Under assumptions (1), (2), and (4), equa- 
tion (3) has a proper solution, 7.e., with x, y, 2 relatively 
prime in patrs. 

EXERCISES XXXII 

In Exs. 1-3, C is positive and without square factor. 

1. a?+y?—Cz?=0 has integral solutions, not all zero, if and 
only if —1 is a quadratic residue of C’, and hence if C is a sum of 
two relatively prime squares. 

2. 2?+2y?—Cz?=0 with C odd is solvable if and only if —2 
is a quadratic residue of C, and hence if C is represented properly 
by X2+2¥? with X odd. 

3. 22+3y?—Cz?=0 with C prime to 3 is solvable if and only 
if C and —3 are quadratic residues of each other, and hence if C 
is odd and represented properly by X?+3Y?. 

4. 2?—13y?+232?=0 is solvable. 

5. 2?+41y?—1132?=0 is solvable. 

6. In (8) let a, 6, c have no common factor > 1 and no square 
factors. Let r denote the g.c.d. of b and ¢, s that of ¢ and a, ¢ that 
of a and b. Show that r, s, ¢ are relatively prime in pairs. Then 
a=stA, b=rtB, c=rsC. Show that 2/r, y/s, z/t are integers X, 
Y, Z. Deleting the factor rst from (3), we get 


r7AX?+sBY?+tCZ?=0. 
Show that this equation has properties (1) and (2). 


75. Problem. Given a proper solution u, v, w of an equa- 
tion (3) having properties (1), to find all integral solutions. 
The three terms of ; 


(14) au?+bv?-+cw’? =0 
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are relatively prime in pairs. For, if a prime p divides au and 
bv and hence also cw, either p divides a and hence neither b 
nor c, whence p divides v and w, contrary to assumption; or 
else p divides u and not v or w, whence p divides 6 and ¢, 
contrary to (1). Not all terms of (14) are odd. In view of 
the symmetry we may take aw even. Then the g.c.d. of 
2au, bv, and cw is 1. Hence a linear combination of them is 
1. Therefore 


15) auj+bok+cwl=1, jeven, 


nas integral solutions. One of k and / is even and the other 
isodd. Write 


(16) h=ap+bk?+cP , 

(17) U=2j-—hu, V=2k-hv, W=2l—-hu. 
Since b and ¢ are odd, hf is odd. Also, 

(18) aU?+bV?+cW?=0, 

(19) auU+bvV+cwW =2 , 

(20) . u=U, v=V, w=W (mod 2). 
Hence 


(21) 2u,=vW—wV, 2n=wU-uW, 2wi=uV—vU 
determine integers w1, 01, Wi. From the identity 

(bv? +-cw) (bV?-+cW?) = (bv V+cwW)?+bc(uW —wV)? 
and (14), (18), (19), and (21), we get 

—au?(—aU?) = (2--auU)?+4u2bc , 

which proves the first of the symmetrical results 
(22) auwU=1+bew, bwV=1+cav?, cwW=1+abu?. 
Adding these and applying (19), we get 
(23) bcu?-+cav?+abw?= —1. 
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From the identity 


(auU +b V +cwW) (vW +wV) —a(wU —uW)(uV —0U) 
= (au?+ be*?+ cw”) VW + (aU2-+bV2+cW?)vw , 


and (14), (18)-(21), we get the first of 


(24) vW+wV =2avyw,, wU+uW=2bu.u1, 
uV +0U =2cu. 
If xz, y, 2 are any integers, then 
(25) t=aUz+bVytcWz, t’=aur+bvy+cuz, 
T=Urt+vy+wiz 


are integers which, by (20), satisfy 
(26) — t=t’ (mod 2). 

Conversely, if ¢, t’, r are any integers satisfying (26), 
the following values obtained from (22), (24), and (25): 


22 =ut+ Ut’ —2bcuir , 
(27) 2y=vt+Vt) —2car;7 , 


2z2=ut+ Wt’ —2abuir , 


are even by (20) and (26), whence z, y, z are integers. 
Multiply equations (27) by az, by, cz, respectively, add, 
and apply (25). We get 


(28) az?+by?+cz? =tt/ —abcr’ . 


Hence if x, y, 2 satisfy (3), the values of ¢, t’, 7, com- 
puted from (25), satisfy (26) and 


(29) tt’ =abcr’ 


Conversely, if integers ¢, t’, 7 satisfy (26) and (29), the 
values of z, y, 2 computed by (27) are integers which 
satisfy (3). 
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To find all solutions of (29), let 6 be the g.c.d. of #, t’, 7, 
and let 6L be the g.c.d. of dabe and t. Write t=6Lr, abe= 
LK. Then r is prime to K. Write r=de. By (29), ri’= 
Kée. Hence t’/s=Kq, where qg is an integer such that 
rg=e. Any common prime factor of g and r divides t/6, 
t’/8, e=7/6, whose g.c.d. is 1. Since g and r are relatively 
prime integers whose product is a square, each is a square: 
q=n, r=m?, where the signs of n and m may be chosen so 
that nm=+e. Hence every solution of (29) is given by 
(30) t=6Lm?, =5Kn?, r=é6mn, abc=KL, 
such that the g.c.d. of Lm?, Kn?, and mn is 1. This requires 
(81) n is prime to m and L, mis prime to K . 

By (31), the g.c.d. of Lm? and mn is m, and that of 
Kn? and mn is n, whence the g.c.d. of all three is 1. 

Finally, (26) holds if and only if 
(32)  6deven; or 6, m, nall odd, K=L (mod 2). 


For, if 6 is odd, (26) holds only when Lm? and Kn? are 
both even or both odd. Then (31) shows that neither m 
nor 7 is even. 

TuEorEM 92. If a,b, ¢ are relatively prime in pairs and 
no one is zero, and if u, v, wis a proper solution of (3), we 
may assume that au is even and determine solutions j, k, 1 of 
(15). Express abc as a product KL of two integers in all 
ways. Let m, n, 6 be any integers subject to the restrictions in 
(31) and (32). Employ the abbreviations (16), (17), (21), and 
(30). Then (27) yield integers which satisfy (3), and all inte- 
gral solutions of (3) are so obtained. 

We may restrict L to positive values. If L is negative, 
we change the signs of L, K, 6, n, and see that (30) remain 
unaltered. 

76. The case a+b+c=0. If 2, 22, y? are in arith- 
metical progression, then 


(83) —22?+y’?+2=0. 
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Diophantus, Arithmetica, III, 9, noted the solution 41, 49, 
31. In II, 20, and IV, 45, he obtained numerical solutions 
of 

2—y:—2=a:b 


when a/b is § or 3. This proportion is equivalent to (3) 
with c=—a—b. We may evidently assume that a is even 
and prime to b. We employ the proper solution w=v=w= 
1. Since aj+bk=1 has a solution with j even, we make take 
l=0 in (15). By (21), w=—k, 11=j, wi=k—j. Here 
t—ht’ is an even integer 2Q, and (27) become 


(34) r=Q4+ jt’ +bckr , y=Q+kt’ —cajr , 
2=Q—ab(k—j)r. 


EXERCISES XXXII 
1. Solve (83). We may take 7=0, k=1. Then 
Qe=t—t’ +27, 2Qy=t+t’, 22=t—t’/+4r. 


The last case in (32) is excluded, whence 6=29. If L=1, then 
K=-—2, and m is odd and prime to n. Hence* 


(35) x= p(m?+2mn-+2n’), y = p(m?—2n?), 
2=p(m?+4mn-+2n?) 


In the remaining case L=2, K = —1, we interchange m and n and 
see that ¢, t’ become —?’, —t of the former case, whence the new 
solutions are obtained from the former by merely changing the 
sign of y. 

2. In (33), y=z (mod 2). Hence X=}(z—y), Y=3$(y+~2), 
Z=zx are integers satisfying X?+Y?=Z?. One of X and Y, say 
X, is even. Multiply the values in Ex. X, 1, by p. Replacing 
m by m-n, we get (35). 

3. An automedian triangle is one whose medians are pro- 
portional to its sides x, y, z. If y>x>z, show that y’+2?= 22’. 


* In the thirteenth century, Jordanus Nemorarius noted the case 
p=1 of (35). Vieta (Zetetica, V, 2, 1591) took z=z+n, y=m—z, and 
obtained (35) with p=1/(2m+4n). 


126 ax? + by?+cz? =0 


4, Solve Ax?++y?—2?=0, when A has no square factor. We 
may take u=j=l=0, v=w=k=1. Then h=V=1, U=n= 
wi=0, W=u=—1, x=—7, 2y=t+’, 22=t—t. Write a=—L, 
g=K. If dis even, 6=—2p, we get (5) of § 27. The second case in 
(32) is excluded if A is even. Hence let 6, m, n, K, L be all odd. 
Writing p for —6, we get (6) of § 27. 

5. Solve a?+y?—(a?+,?)22=0, when a is even and prime to 
g. We may take u=a, v=, w=1, 1=0, 7 even, ajt+pk=1. 
Then w= —k, 01=j, wi=ak—pj. Write 2Q for the even integer 
t—ht’. Then 


r=aQtjl—(@+e)kr, y=BQ+K'+(e+6%r, 
z=Q—(ak—Bpy)r . 
The values (30) are to be inserted. 
Take a=2, B=1, 7=0, K=1. Then 


z=t—t'—5r, y=h(t+t),  2=2(t-t/)—2r. 


If L=5, then K=—1. Replacing n by v and m by w, we see that 
y, x, 2 become the products of 46 by the respective numbers (19) 
in § 31 with the first changed in sign. When L=1, K=—5, we 
interchange m and n and find, as in Ex. 1, the former solution 
with y merely changed in sign. If we replace u by v and v by —u, 
we see that r and s of (18) in § 31 are merely changed in sign. 
Why do all these facts give a new proof of Theorem 44? 


77. Proper solutions of (3). By the Corollary before 
Ex. XXXII, there exist proper solutions if we include the 
assumption (2) that no coefficient has a square factor. 
We now discard that assumption and prove 

TuHEorEM 93. Let t and t’ satisfy (26) and (29), and 
have no common odd divisor >1. Also, in case both t and t’ 
are even, let 


(36) t+’ =2 (mod 4) . 


Let u, v, w be a proper solution of (3) having properties (1). 
Then x, y, 2 in (27) give a proper solution of (3). 
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Let a prime p divide az, by, and cz. By (25), p divides t 
and t’, whence p=2. Then (20) and (25) imply ¢+¢’/=0 
(mod 4), which is contrary to (36). Hence the g.c.d. of 
ax, by, cz is 1. But if a prime divides x and y, it divides cz 
by (8). In this way we see that 2, y, z are relatively prime 
in pairs. 

Lemma. If (3) has properties (1) and is properly solv- 
able, and if —bc is a quadratic residue of ap?, where p is a 
prime not dividing bc, then (3) has a proper solution such that 
x ts divisible by p. 

We may assume that (3) has the proper solution w, »v, w, 
where w is not divisible by p. 

I. p odd. By hypothesis, —bc=a? (mod p) holds for a 
prime to p. Hence bewita and bewi—a are not both di- 
visible by p. The sign of a may be chosen so that the former 
is not divisible by p. Hence 
(37) uw =bcui+a (mod p) 
has a solution w prime to p. Write 2abe=p"Q, where n=0 
and Q is prime to p. There exists a solution k of w= 
w+kp=1 (mod Q). Thus (87) has a solution w prime to 
both p and Q and hence to 2abc. Choose 

t=ew" , t’=eabe, T=ew, 
where e=1 or e=2, according as abc is odd or even. The 
resulting solution z, y, z of (3) is proper and has z divisible 
by p. For, if abc is odd, whence e=1, then t=t’=1 (mod 
2). If abc is even, whence e=2, then t=2, t’/=0 (mod 4). 
Since w is prime to abc, t and ¢’ have no common odd divisor. 
Also, tt’ =abcr?. Theorem 93 shows that 2, y, 2 give a proper 
solution of (3). By (27) and (22;), 
22 = e(uw?-+ Uabc—2beuw) , 
Qux = e[ (uw — beu)?+be] =e(a?+bc) =0 (mod p) . 


Hence z is divisible by p. 
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II. p=2. First, let a be even, but not divisible by 8. 
Since —bc is a quadratic residue of 4a, it is congruent to an 
odd square and hence to 1 modulo 8. Since bv and cw are 
prime to au, they are odd. Hence b= —b’c=—c (mod 8). 
Then av?=0 by (14), and wu is even, whereas wu is not di- 
visible by p. 

Second, let a=0 (mod 8). As before, —bc=1 (mod 8). 
Take r=1. We may choose t and t’ without a common odd 
factor >1 so that t=2, t’=0 (mod 4), tt/=abc. By Theorem 
93, x, y, 2 give a proper solution of (3). By (221), ui is odd. 
Since also wu is odd, (27) gives © 

24=2+0—2=0 (mod 4), x=0 (mod 2). 


Third, let a be odd. Then —bc=1 (mod 4). Take r=1 
and choose relatively prime integers ¢t and ¢’ whose product 
is abc. Then tt’ is odd, whence t=¢’ (mod 2). By Theorem 
93, 2, y, 2 give a proper solution of (3). Since u and h are 
odd, U=2j—hwu is odd. By (22), ui is even and auwU=1 
(mod 4). Hence 


ut*Ul =auU-bec=—1, wt=—Ut' (mod 4). 


By (27), 22 is divisible by 4. 

THEOREM 94. If A=aP*, B=bQ’, C=cR? are relatively 
prime in pairs, uf (13) hold, and if (8) is properly solvable, 
then (12) is properly solvable. 

The mere fact that (12) is solvable follows by multi- 
plying (8) by P?Q?R?, whence 
(38) A(QRz)?+ B(PRy)?+C(PQz)?=0. 


Since — BC is a quadratic residue of A, —bc is a quad- 
ratic residue of aP*. Let P be a product of primes 7, pi, po, 

. , not necessarily distinct. Thus no one of p, pi,.. . di- 
vides bc. Write a’ for ap*. The lemma applies and shows 
that x=£ép and that 


(89) a’? +-by?+c22=0 
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has the proper solution £, y, 2. Since —bc is a quadratic 
residue of a’p}=a’’, the lemma states that (39) has a proper 
solution in which = £,p;. In other words, a’’&+-by?+-cz?=0 
- has a proper solution and hence one with £; divisible by Do 
Since the successive first coefficients are ap, ap’p?, 


ap*p?p;, ..., we ultimately reach aP?=A, and conclude 
that 
(40) AX?+by’+cz=0 


is properly solvable. Since —CA is a quadratic residue of 
B, —cA isa quadratic residue of bQ?. Let Q be a product of 
primes g, qi, ... - No one of them divides cA. The lemma 
states that (40) has a proper solution with y=ng. As before 
we obtain successive second. coefficients bq’, bq’qi,..., 
bQ?= 8B. Finally, we may replace c by cR?=C. Hence the 
lemma implies Theorem 94. 

TuroreM 95. If A, B, C are relatively prime in pairs, 
are not all of the same sign, and no one ts zero, then AX?+ 
BY?+CZ=0 is properly solvable if and only if —BC is a 
quadratic residue of A, etc., cyclically as in (18). 

Note that this fundamental theorem is free of assump- 
tions about square factors in A, B, or C. 

Let (13) hold and let P?, Q?, and R? denote the largest 
squares dividing A, B, C, respectively. Then a, b, ¢ in 
Theorem 94 have no square factors >1. Evidently (13) 
imply (4). By Theorem 91 and its corollary, (3) is properly 
solvable. Hence (12) is properly solvable by Theorem 94. 

Conversely, let (12) be properly solvable and A, B, C 
be relatively prime in pairs. Then AX, BY, CZ are rela- 
tively prime in pairs by the first result in § 75. Hence there 
exist solutions &, 7, ¢, of 


ZE=BY (mod A) , Xn=CZ (mod B) , 
Y¢=AX (mod C). 
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Then (12) gives B(BY?+CZ*)=0, 2=—BC (mod 4A). 
Similarly, 7?=—CA (mod B), ¢=—AB (mod C). 


EXERCISES XXXIV 

1. Reduce the solution of F =AX?+BY?+CZ?=0 to a like 
equation whose coefficients have no square factors and are rela- 
tively prime in pairs. We may assume that the g.c.d. of A, B, C 
is 1. Write A=aP?, B=bQ*, C=ck?, where a, b, c have no square 
factors. By (38), the solution of F =0 reduces to that of f =az?+ 
by?+cz2=0. Apply Ex. XXXII, 6. 

2. Give another proof of Ex. 1. Let A=pa, B=pg, where p 
isa prime. Then Z= pz and F/p=aX?+8Y?+Cpz. The product 
of its coefficients is ABC/p, which is numerically smaller than 
the product ABC for F. Repeat the process as long as any two 
coefficients have a common factor. We reach an F whose coef- 
ficients are relatively prime in pairs. Now apply (88). 


78. Supplement to Theorem 95. In the proof of a chief 
result on genera in chapter ix, we shall need the following 

THEOREM 96. Assume properties (1) and (4), whence 
there exist integers A, B, C such that 


(41) A?=—bc (mod a) , B?=—ca (mod b) , 
C?=—ab (mod c) . 
Then there exists a proper solution x, y, 2 of (3) satisfying 
(42) Az=by (moda), Bx=cz (mod b) , 
Cy=az (mod c) . 


By the Chinese remainder theorem there exist solutions 
of 


(43) = (mod b) , Y=a (mod c) , Z=b (mod a) , 
X=C (mod c) , Y=A (moda), Z=B (mod b) . 


Then (41) gives 
(44) aX?+bY?+cZ?=0 (mod abc) , 
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since the left member is divisible by a, b, and c. By Theo- 
rem 95, (3) has a proper solution u, v, w. Hence (14)-(29) 
hold. Write 


(45) T=aUX+bVY+cWZ, T’=auX +bvY +cwZ 
(mod 2abc) . 
By (20), 
(46) T=T’ (mod 2). 
By (22) and (24), 
(47) 2X=uT+UT" (mod 2bc), 2Y=vT+VT" (mod 2ca), 
2Z=wT+WT’ (mod 2ab) . 
Multiply these by aX, bY, and cZ, respectively, add, and 
apply (44) and (45). We get 0=277”" (mod 2abc), whence 
(48) TT’=0 (mod abc) . 
To show that 7, T’, and abc have no common odd prime 
factor p, let p divide them and c, for example. By (47), 
p divides Y. By (48), p divides a=Y (mod c). But a is 


prime to c. 
By (43), conditions (42) are equivalent to 
(49) Yz=Zy (mod a), Zx=Xz (mod b) , 
Xy=Yz (mod c) . 
From the values (25) and (45) of ¢, ’, T, 7’, 
4 a Shy 20) Oe) = Va) sae uy) a 


+bc(oW—wV)(Yz—Zy) (mod 2abc) . 


By (21) this becomes 


(50) T’t—Tt)=2abwi(Xy— Yx) —2acv;(Xz—Zz) 
+2bceui(Yz—Zy) (mod 2abc) . 
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Evidently (49) and (50) imply 
(51) T’t=Tt’ (mod 2abe) . 


Conversely, (50) and (51) imply (49). For, by (22), w, 
v1, W; are relatively prime to a, b, c, respectively. Since 
0=2beu,(Yz—Zy) (mod 2a), Yz—Zy is divisible by a. 

Hence conditions (42) are equivalent to the single con- 
dition (51). To prove Theorem 96 it suffices to show that 
we can choose ¢, t’, 7 to satisfy (51) and the conditions in 
Theorem 93. 

I. abc odd. Let d denote the g.c.d. of T and abc=dd’. 
By (48), d’ divides T’: T'/d and hence also T’. We saw that 
T, T’, and abc have no common (odd) divisor. Since they 
are divisible by any common factor of d and a’, the latter 
are relatively prime. The g.c.d. 1 of T,, T’, abc is also the 
g.c.d. of dand T’=d’-T’/d’. Hence 1 is the g.c.d. of d and 
T’/d'. Hence d’ is the g.c.d. of dd’=abe and T’. We take 
t=d, t’=d', 7=1. Since ¢ and @’ are odd, (26) holds. Evi- 
dently (29) holds. Also, ¢ and ¢’ are odd and relatively 
prime. By Theorem 93, x, y, 2 give a proper solution of (3). 
By (26) and (46), 7’t and Ti?’ are congruent modulo 2 and 
are divisible by dd’; hence (51) holds. 

II. abc even. Then T and T” are even by (46) and (48). 
Suppose that T’=T (mod 4). By symmetry, let c be even. 
Then (47) implies 2Y=(0+-V)T (mod 4). By (20), v+V 
is even. Hence Y is even. Since a=Y (mod c) by (48), a 
is even. But ais prime toc. This contradiction shows that 
T+T’=2 (mod 4). By symmetry, we may take 7'=0, 
T’=2 (mod 4). Define d and d’ as in (1). 

If d’ is odd, take t= 2d, t/=2d’, 7=2. Then t=0, t/=2 
(mod 4). Evidently tt’=abcr?. Also, T’t and Tt’ are divisi- 
ble by 2dd’, whence (51) holds. Finally, d and d’ and hence 
t and ¢’ have no common odd divisor. By Theorem 93, 
x, Y, 2 give a proper solution of (8). 
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If d’ is even, take t=d, t’/=d', 7=1. Since T'/d is prime 
to d’ and hence is odd, T=0 implies d=0 (mod 4). Since 
d’ divides T’, T’=2 implies d’=2 (mod 4). Hence t=0, 
t’=2 (mod 4). By (I), tand ¢’ have no common odd divisor. 
Hence Theorem 93 applies. Since T'/d and T’/d’ are odd, 
their difference is even. Multiplying it by dd’=abc, we 
get (51). 

EXERCISES XXXV 


1. Let 2, y, 2 be a proper solution satisfying (42), and u, v, w 
a given such solution. By (27) 


(52) 0=Bx—cz = 3Gt+}JU (mod 3) , 


where G= Bu—cu, J=BU—cW. By (14), (22), (42), G=0, uwJ = 
—2u (mod b). In (14), ww is prime to b. If b is odd, J is prime to 
b and ¢’ is divisible by 6. Prove the last also if b is even. Hence ¢’ 
is always divisible by abc. 

2. Let 21, y1, 21 be another proper solution satisfying (42). 
Let it arise from t, t’1, 71. By (26), tt:’—t’t, is divisible by 2abc. 
Conversely, this fact implies that the corresponding proper solu- 
tions satisfy the same congruences (42). 

3. The common factor 6 in (380) divides the expressions (27), 
whence 6=1 or 2. Since ¢’ is divisible by abe= KL, dn? is divisible 
by L. Hence L divides 6. If abc is odd, then L=1, K=abe. 


CHAPTER IX 


COMPOSITION AND GENERA OF BINARY 
QUADRATIC FORMS 


79. Introduction. We shall prove that the product of 
two related quadratic forms g and Q can be expressed as a 
third quadratic form, which is said to be derived from them 
by composition. For the case g=Q, see (389) of § 53. We 
shall then develop the theory of genera, a topic already 
found useful in §§ 52-55. 

Lemma 1. Let m, ti,..., tn have the greatest common 
divisor 1. If m divides every t-q:—Qrte (r, S=1,..., 7), 
there 1s one and only one solution B of 


(1) 4B=q,...,taB=Qn (mod m) . 
Since 1 is a linear combination of m, ti,..., t. ($1), 


there exist integers h; such that 2t,h,z=1 (mod m). Denote 
Zq:h. by B. Then 


t,B = Xt, gshs=ZGrtshs = Grdtshs=Q, (mod m) , 


whence @ is a solution B of (1). Multiplying (1) by fi, .. 
hn, respectively, and adding, we get B= (mod m). 
Lemna 2. If b?=d (mod 4a), B?=d (mod 4a), and if 


(2) a, a, (b+) have no common factor >1, 


ite | 


there exists a solution B of 
(3) B=b (mod 2a), B=B (mod 2a), B?=d (mod 4aa) , 


and B is uniquely determined modulo 2aa. Also, a, a, B 
have no common factor >1. 
Congruences (3) imply 


(4) aB=ab, aB=a8 , 3(6+8)B=4(d+bB) (mod 2aa) . 
134 
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f 


We obtain the third from 


0=(B—b)(B—8)=B’+b8—(6+8)B, B=d 
(mod 4aa) . 


Conversely, (4) imply (3). Lemma 1 with m=2aa may be 
applied to (4) since the three coefficients of B have 1 as 
their g.c.d., and since 


a-a8—ab-a, a-$(d-+b8)—4(b+6)ab=4a(d—b’) , 
a-3(d-+08) —3(b+6)a8 =4a(d—B") 


are all divisible by 2aa=m. Hence (8) have a solution B f 
which is unique modulo 2aa. 
If D is a common divisor of a, a, B, (3) give 


B=b=6, 7(6+8)=B (mod D). 


Since D divides the three numbers (2), D=1. 

Lemma 3. If f=az?+BaytaCy, 6=a+Bin+aCr’, 
then 
(5) fé=F , F=acX®?+BxY+CY’, 
(6) X=xz§—Cyn, Y=arntayét+Byn. 

If s=Vd, d=B?—A4aaC, direct multiplication gives 
(7) [2ar+(B+6)y][2aé+ (B+5)n] =4aaX +2(B+5)¥Y . 
Replace 6 by —6 and multiply together. We get 

4af - 4a¢=16aeF . 


80. Composition. Two integral forms r=[a, b, c] and 
p=[a, B, y] are called wnited if they have the same discrimi- 
nant d and if (2) holds. Then all of the assumptions made in 
Lemma 2 hold, whence there exists a solution B of con- 
gruences (3), and the g.c.d. of a, a, and B is 1. 

By (33), B?—d=4aaC, where C is an integer. Hence the 
discriminant of / =[aa, B, C] is d. 

By (31), B=b+2ak. In r=az’+bry+cy’ we replace x 


136 CoMPOSITION AND GENERA 


by z+ky and obtain the form f=[a, B, aC], which is there- 
fore called parallel to r. Conversely, if we replace x by 
x—ky in f, we get r. 

By (32), B=B6+2al. In p=aé’+fén+n’ we replace — by 
¢+In and obtain the parallel form ¢=[a, B, aC]. 

In Lemma 3 we replace x by x—ky and — by €—In and 
obtain rp=/’, where the present variables in F are derived 
from (6) by these replacements. Hence F is said to be de- 
rived from r and p by composition. 

For the special composition (5), f and ¢ are united 
forms since they have the same discriminant d and since 
the g.c.d. of a, a, B=3(B+B) is 1. 

If we replace B by a new solution B+2aat of (3), we 
replace F by a parallel form F; which is derived from F by 
replacing X by X+tY. Evidently F; is derived from r and 
p by composition. 

Parallel forms r and f are equivalent and hence belong 
to the same class. We shall reach the goal of composition 
of classes when we prove 

TuHeroreM 97. For all choices of two united forms from 
two classes k and x, the forms derived from them by composi- 
tion belong to a unique class, denoted by either kx or xk, and 
said to be derived from k and x by composition. 

Stated otherwise, if the united forms r and p are 
equivalent to the united forms |m, n, l] and [n, », dl], re- 
spectively, then the forms F and E=[mu, N, L] derived 
from the pairs by composition are equivalent. 

In the proof we may replace r by f, p by ¢, and similarly 
the second pair by e=[m, N, wL] and e=[u, N, mL}. 
Given that foe and ¢we, we are to prove that Fol. 
We apply the criterion for equivalence in § 56. Since fwe 
and ge, there exist integers 2, y, &, n satisfying 


(8) m=ax’?+ Bryt+aCy?, w=ai’+ Bén+aCr’ , 
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(9) 2ar+(B+N)y=0, (B—N)x+2aCy=0 (mod 2m) , 
(10) 2a&+(B+N)n=0, (B—N)E+2aCn=0 (mod 2u) . 


To prove that F' ~ E by the same criterion it suffices to 
show that there exist integers X and Y satisfying 


(11) myu=aaX?+BXY+CY? , 

(12) 2aaX+(B+N)Y=0 (mod 2my) , 

(13) (B—N)X+2CY=0 (mod 2my) . 
Evidently (11) follows from (5), (6), and (8). Let 

(14) (t+s8)(r+08)=T+S5, 6=Vd, 


whence S=to+sr, T=tr-+dsc. Then 
(t+sz)(7+02) =T+Sz+s0(2—d) , 

identically in z. Let d be the discriminant of our forms. 
Then d=N?—4muL. Taking z=N, we get 
(15) (¢+sN)(7+cN)=T+SN (mod 4my). 

Now (7) is a known case of (14) with 

t=2ar+ By, s=y, 7=2a&+ Bn, o=n; 
T=4aaX+2BY, S=2Y. 

The factors on the left of (15) are multiples of 2m and 2y, 
respectively, by (9) and (10). This proves (12). 

The proof of (13) is longer. Multiply the first or second 
factor in (7) by B—6 and divide by 2a or 2a, respectively. 
We get 
(16) — [(B—8)2+2aCy|[2a+ (B+5)n]=20R , 

(17) = [2ax+(B+6)y][(B—8)é+-2aCy] =2ak , 
where R=(B—65)X+2CY. Multiply (16) by B+6 and 
(17) by B—6, we get 
C[2ax+ (B+64)y][2aé+ (B+5)n]=(B+4)R , 
[((B—6)z+2aCy][(B—5)E+2aCy] = (B—S)R . 
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Replacing 6 by N we obtain congruences modulo 4mu 
since (14) implies (15). In view of (9) and (10), each first 
factor becomes a multiple of 2m and each second factor 
becomes a multiple of 2u. Also, R becomes the left mem- 
ber L of (13). Hence (B+N)L are divisible by 4mu. 
Similarly, by (16) and (17), 2aZ and 2aL are divisible by 
4my. Hence 2mu divides the products of L by a, a, B, 
whose g.c.d. is 1, and therefore divides L. This proves (13). 

81. What classes k and «x admit composition? The 
g.c.d. of the coefficients of a form is called its divisor. — 
Equivalent forms have the same divisor, which is called 
the divisor of their class. 

TueoreM 98. If s is the divisor of f=[a, B, aC] and o 
is that of ¢=[a, B, aC], and if f and ¢ are united, the form 
F=[aa, B, C] derived from them by composition has the 
divisor sc, while s and o are relatively prime. 

By definition of united, the g.c.d. of a, a, Bis 1. The 
divisor s of a and B is prime to a (and hence to the divisor 
o of a). Since s divides aC, it divides C. Similarly, the di- 
visor o of a and B is prime to qa; it divides aC and hence C. 
Since the relatively prime numbers s and o divide B and C, 
so divides them and evidently also aa. 

If possible, let the quotients of aa, B, C by so have a 
common prime factor p. Then p divides a/s or a/c. If p 
divides a/s, ps is a common divisor of a, B, aC, whereas s is™ 
their g.c.d. Similarly, p is not a divisor of a/c. This con- 
tradiction shows that so is the g.c.d. of aa, B, C and hence 
that so is the divisor of F. 

TuHrorEM 99. If the classes k and x have the same dis- 
criminant d and have relatively prime divisors s and o, we 
can select united forms [a, b,c] and [a, B, y] from k and x, respec- 
tively, such that a/s and a/o are prime to any assigned integer n. 

Select any form h of class k. By Theorem 66 the primi- 
tive form h/s represents properly an integer a/s which is 
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prime to o and n. As in § 46, h is equivalent to a form 
[a, b, c] with the first coefficient a. If a and o have a com- 
mon prime factor p, then s is not divisible by p, and a/s and 
o would have the common factor p, contrary to what pre- 
cedes. Hence a is prime to o. 

Similarly, we can choose [a, 8, y] from the class x so 
that a/c is prime to a and n. If a and a have a common 
prime factor g, the divisor q of a is prime to c, and a/o has 
the factor g in common with a. This contradiction shows 
that a and a are relatively prime. Hence [a, b, c] and 
[a, 8, y] are united. 

We may combine Theorems 98 and 99 into 

THEOREM 100. Two classes k and x admit composition 
af and only if they have the same discriminant d and their 
divisors s and o are relatively prime, and then kx has the 
divisor so and discriminant d. 

82. Associative law for composition. Let s, o, S be the 
divisors of classes k, x, K. Let the class kx-K exist. Then 
s is prime to a, and S is prime to sc. As in the proof of 
- Theorem 99, we can choose [a, b, c] in k so that a/s is prime 
to oS, whence a is prime to oS; then choose [a, 8, y] in x so 
that a/c is prime to aS, whence a is prime to aS; then 
choose [A, B, C] in K so that A/S is prime to aa. Suppose 
that A and aa have a common prime factor p. If S were 
not divisible by p, A/S and aa would have the factor p. 
Hence p divides S and therefore divides neither a nor a. 
This contradiction shows that A is prime to aa. We saw 
that a is prime to a. 

Since k, x, K have the same discriminant d, b, 8, B are 
all even or all odd. At most one of a, a, A is even. First, 
let a and A be odd. Then 2a, a, and A are relatively prime 
in pairs and there is a solution r of 


r=b (mod 2a), r=8 (moda), r=B (mod A). 
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Then r=b=6=B (mod 2), whence 
r=b (mod 2a), r=6 (mod 2a), r=B (mod 2A). 


In case a and A are odd, we use the moduli a, 2a, A and 
obtain the last result. If @ and a are odd, we use moduli 
a, a, 2A. We have 
d=b’—4ac=0?=r (mod 4a), d=6?=r (mod 4a) , 
d=B’=r? (mod 4A). 


Hence r?—d is divisible by 4aaA; let s denote the quotient. 
Then the classes k, x, K, kx, and xK contain the respective 
forms 


[a,r, aAs], [a,7, aAs], [A,r,aas], [aa,r, As], 
[aA, r, as] , 


all of discriminant d. Since kx-K and k-«K both contain 
[aaA, 7, s], they are identical classes and may be denoted by 
kK. 

THEOREM 101. Composition of classes obeys the associa- 
tive law. 

EXERCISES XXXVI 

1. According as d=0 or 1 (mod 4), [1, 0, —d/4] or [1, 1, 
3(1—d)] is called the principal form P of discriminant d. Let 
f=l[a, b, c] be any form of the same discriminant d. In P we re- 
place « by «+ty, where t=36 or 4$(6—1) in the respective cases, 
and get [1, 6, ac]. The latter and f are united and give f by com- 
position. The class containing P is called the principal class and 
denoted by 1. Hence 1-k=k-1=k for every class k. 

2. If f=[a, b, c] is primitive, f and [c, b, a] are united and give 
[ac, b, 1] by composition. The latter is equivalent to [1, —b, ac] 
and hence to P. Also, [c, 6, a][a, —b, c], which is opposite to f. 
Hence if & and k’ are opposite, primitive classes, kk’ =k’k=1. 
Thus k’ is denoted by k—! and called inverse to k. 

3. Hence if & is a primitive class kx=kK implies x= K. 

4. If d=—381, the three positive, reduced forms [1, 1, 8], 
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f=[2, —1, 4], and g=[2, 1, 4] belong to classes 1 eRe 
Hint: For f, a solution of (3) is B=—1. By composition of f 
with itself, we get [4, —1, 2] ~g. 

5. If d=—23, the three positive, reduced forms [1, 1, 6], 
f=[2, —1, 3], and g=[2, 1, 3] belong to classes 1, k, k-!=k®. Hint: 
fo ¢=[2, 3, 4] whose B=3 satisfies (3). By composition of ¢ with 
itself, we get [4, 3, 2] ~[2, —3, 4] wg. 

6. If d= —39, the reduced, positive forms [1, 1, 10], [2, —1, 5], 
[3, 3, 4], [2, 1, 5] belong to classes 1, k, k?, k°. 

7. If d=—84, the reduced, positive forms [1, 0, 21], f= 
[3, 0, 7], A=[2, 2, 11], g=[5, 4, 5] belong to classes 1, kh, x, kk, 
where k?=x?=1. Hints: There is no composition of f with itself. 
Use f and [7, 0, 3], B=0. Next, f~[8, 6, 10], ho [2, 6, 15], whose 
composition gives [6, 6, 5]~[5, —6, 6]~g. To verify n=1, the 
compound of [2, —2, 11] ~h with [11, —2, 2]~h is [22, —2, 1]~ 
[1, 2, 22] «1, 0, 21]. 

8. If d= —96, the reduced, positive forms [1, 0, 24], [3, 0, 8], 
[5, 2, 5], [4, 4, 7] belong to classes 1, k, x, kx, with P@=”=1., 

9. If d= —224, the reduced, positive forms [1, 0, 56], [5, 4, 12], 
[8, 8, 9], [5, —4, 12], [4, 4, 15], [8, 2, 19], [7, 0, 8], [8, —2, 19] belong 
to classes 1, k, k*, 3, K, Kk, Kk?, Kk’, with t= K?=1. 


83. Number of genera. Consider primitive* forms with 
even middle coefficient: g=az*+2bry+cy”. Our former 
notation for qg was [a, 2b, c]. We now employ Gauss’s nota- 
tion (a, b, c). Its determinant is D=b?—ac and discrimi- 
nant is 4D. In case D is negative, we assume that q is a 
positive form. We defined the characters of q in § 53. 

Lemma 4. Any two primitive classes admit composition. 
If t and 7 are the values of a character C for the classes k and 
x, then tr is the value of C for the class kx. 

By Theorem 99 we can select from k and « two united 
forms whose first coefficients a and a are both prime to 
2D. The form derived from them by composition is in 


* Often called properly primitive. The improperly primitive 
forms qg have a and c even, while 3¢ is primitive. 
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class kx and has aa as first coefficient. From the definition 
of characters it follows at once that 


(18) C(a)-C(a)=C(aa) , 


which proves Lemma 4. 

Since the principal class contains x?— Dy’, which repre- 
sents 1, all its characters have the value +1. The genus 
which contains the principal class is called the principal 
genus. Hence for any form in it, the value of every char- 
acter is +1. 

Lemma 5. If classes k and x belong to the same genus and 
if k’ and x’ belong to one genus, then kk’ and xx’ belong to 
one genus. 

For, a character C then has the same value » for k and 
x, and the same value v’ for k’ and x’. Hence by Lemma 4, 
C has the value vv’ for both kk’ and kx’. 

If P is any class in the principal genus, (18) shows that 
any character C has the same value for K as for PK, 
whence classes K and PK belong to the same genus. 

In particular, if P and P’ are classes in the principal 
genus, PP’ is in the principal genus. Since opposite forms 
evidently represent the same integers, any character has 
the same value for each form. Hence by Ex. XXXVI, 2, 
the class inverse to P is in the principal genus. In view of 
these two properties and the associative law of composition, 
the p classes in the principal genus are said to form a 
group 7. 

We can arrange all the A classes into g sets 


Ty tH, wHs, sw leltg wH, 


such that no two of these sets overlap. To do this, choose 
as H>, any class not in 7; choose as H3 any class in neither 
a nor the set 7H2; etc. If the sets tH» and 7H; had a class 
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in common, so that P’H.=PH;, then would H;=P,H2, 
where P;=P~'P’ is in 7, contrary to the definition of H3. 

We saw that all classes of a set *H; (where H,=1) be- 
long to the same genus. Different sets belong to different 
genera. For, if a character C has the same value for P’H, 
and PH;, C has the same value for Hz and H3, and hence 
the value +1 for H;H.~!. If this is true for every C, then 
H3H-" is a class P; of the principal genus, whence H;= 
P,H», contrary to the definition of H3. This proves 

THEOREM 102. [f h is the number of all primitive classes 
of a given determinant and p is the number in the principal 
genus, then h=pg, where g is the number of genera. The 
number of classes in every genus is p. 

Lemma 4 implies that if each character has the same 
value for k as for x, then all characters for kx are +1. In 
other words, if k and x belong to the same genus, then kx is 
in the principal genus. 

The class k? is said to be derived from k by duplication. 
Thus every class Q which arises by duplication belongs to 
the principal genus. Hence if there are gq distinct classes 
Q, evidently gp. 

Let Q arise by duplication from both k and x. Write A 
for xk—!, whence x= Ak. Thus h?=Q=°=A?’k?, A?=1, or 
A=A™. Hence every form (a, }, c) of A is equivalent to 
its opposite form (a, —b, c) and hence is imporperly equiva- 
lent to itself. Then (a, b, c) is equivalent to an ambiguous 
form (the double of whose middle literal coefficient is di- 
visible by its first coefficient). This was proved in § 43 for 
positive forms and in § 72 for indefinite forms. Then A is 
called an ambiguous class. 

The a ambiguous classes A evidently form a group . 
As in the proof of Theorem 102, all A classes fall into ¢ 
non-overlapping sets Mf, %He,..., WH:, such that H2 is 
not in %, Hs is in neither % nor AH, etc. Evidently the 
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a classes in 91H; have the same square H?. We proved that 
the square of no further class is H?. Hence t=q. This 
proves 

TuroreM 103. If exactly q classes Q arise by duplica- 
tion, and if a is the number of ambiguous classes, the number 
of all classes is h=qa. Each Q arises by duplication from 
exactly a classes. 

Since gSp, Theorems 102 and 103 give gSa. 

84. Number a of ambiguous classes. We employ only 
properly primitive, ambiguous forms f=(a, }, c) of de- 
terminant D. Since 2b=0 or a (mod 2a), f is equivalent 
to (a, 0, c) or (2b, b, c) in new letters. We postpone the 
case D=—1. 

In (a, 0, c), ac= —D, and a and ¢ are relatively prime. 
If nm denotes the number of distinct prime factors of D, 
|D| has exactly 2” resolutions into two positive, relatively 
prime factors, since the highest power of any prime divid- 
ing D must be taken into one of the two factors. The two 
factors are distinct, since otherwise they would both be 1, 
whence |D|=1. The first factor and its negative are per- 
missible values of a. Hence there are exactly 2” pairs of 
forms (a, 0, c) and (c, 0, a), and those of any pair are 
equivalent. 

In (2b, b, c), b?—2bc= D, whence b is a positive or nega- 
tive divisor of D. Write D=—bb’, whence c=4$(b+0’). 
Since the form is primitive, c is odd and prime to b. Hence 
b and b’ have no common odd divisor and b+-b’=2 (mod 4). 

If 6 is odd, then b’=b, D=3 (mod 4). Conversely, 
D=3 (mod 4) implies that b, 6’, c are all odd. Thus b 
can be chosen as any divisor of D such that b and b’ are 
relatively prime. Hence if b is odd, there are 2"*! primitive 
forms (2b, b, 3[b-+-b’]), half of which have b positive. Also, 
|b| < |b’. 

If b is even, one of b and b’ is =0 and the other is =2 
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(mod 4). Hence D=0 (mod 8) and 30 and 4b’ are relatively 
prime. Conversely, if D=0 (mod 8), b and b’ must be even, 
and 3b can be chosen as any divisor of 1D such that 4b 
and 30’ are relatively prime. Since LD is even, it has the 
same number n of distinct prime factors as D. Hence the 
italicized statement holds also if b is even. Also, |4b| and 
|30’| are distinct, since one is even and the other is odd. 
Whether 6 is odd or even, there are exactly 2” pairs 


(2b, b, 2[b-+b’]) ,  (2b’, b’, 3[b-+b']) 


=—1-—J 


of primitive forms. The transformation ( soe 


) of de- 


terminant 1 replaces the first by the second. 

We retain only that form of each pair whose first 
coefficient is the smaller numerically. Hence we have 2” 
forms or no form of each of the types 


(19) (a,0,¢), (2b, b, 3[b+b'}) , 


in which a? and b? are <|D|. 

Let m be the number of distinct odd prime factors of 
D. Then n=m™ or m+1, according as D is odd or even. 
If D=1 (mod 4), only the first forms (19) occur and their 
number is 2”. If D=3 (mod 4) or D=0 (mod 8), both 
occur and their number is 2”t! or 2”+?, respectively. If 
D=2, 4, 6 (mod 8), only the first occur and their number is 
27+1, In each case, the exponent of 2 is the number* k of 
characters defined in § 53. 

The system of values (each 1 or —1) of the various 
characters of a given form is called a total character of the 
form. Hence there are T =2* total characters of primitive 
forms of determinant D. 

Hence the number of forms (19) is 7. 


*Omitting de if both 6 and ¢ are characters. 
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I. Let D be negative. We retain only the forms (19) 
with positive outer coefficients. We shall prove that no 
two of the resulting positive forms are equivalent. Each 
(a, 0, c) is semi-reduced. The same is true of the second 
form q in (19) if c=3(b+b’)=2b. But if c<2b, ¢ has the 
semi-reduced right neighboring form (c, c—b, c). Since no 
middle coefficient is negative, no two of the resulting 
semi-reduced forms 


(a, 0, c) ) (2, b, c) ’ (c, c—), c) 


are opposite or identical. By Theorem 52, no two are 
equivalent. Hence the number a of positive, primitive, 
ambiguous classes of negative determinant D is #7’. This 
holds also for the excluded case D=—1, since (1, 0, 1) is 
then the only reduced, positive form, while T'=2. 

II. Let D>0. If (A, B, C) is any one of the forms 
(19), there is evidently a unique integer 6 satisfying 


(20) B=R(mod A), 0<s—B<|A| (6=VD). 


Determine an integer y so that 6?— Ay=D. Then (A, B, C) 
is parallel and hence equivalent to (A, 8, y). The condi- 
tions that the latter be reduced are 


(21) B<6, 6—-B<|A|<6+8. 
Hence it remains only to prove that 
(22) |A|<6+8. 


If |A| <6, (20) gives 5—8<6, whence B>0 and (22) 
follows. 

If |A|>6, the first form (19) is excluded, whence 
A=2B and B’<&. Then B=|B|_ satisfies (20) since 
0<s—|B| <5<|A|, and (22) holds. 

We now prove that every reduced, primitive, ambigu- 
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ous form (r, s, ¢) is identical with one of these (A, 8B, 7). 
As in (21), 
0<s <6), 6—s<|r|<é6+s. 

First, let s be divisible by r, s=rg. Then |r|-|q| <8, 
whence |r| <6, and the form (r, 0, 7’) ~(r, s, t) is one of the 
forms (A, B, C). To get its corresponding form (A, B, 7), 
we determine 6 by (20), viz., 8=0 (mod r), 0<é6—B<|r|. 
These hold if 8=s, whence (A, 8, 7) is (7, s, t). 

Second, let 2s=r (mod 2r). Then 2s=rq, where q is 
odd. Thus |r|-|¢| <26, |r| <26, and the form (r, 3r, t) 
(7, s, ) is one of the (A, B, C). As before, its corresponding 
(A, B, 9) is (r, 8, t). 

Hence the number of reduced, primitive, ambiguous 
forms is T. By Theorem 90 every ambiguous class contains 
exactly two reduced, ambiguous forms. This completes 
the proof of 

THEOREM 104. The number a of properly primitive, 
ambiguous classes (which are positive if D<0) of determinant 
D is half the number T of total characters. 

We saw that gSa. Hence gS$T. 


EXERCISES XXXVII 
(For 6 and « see § 53) 

1. If D=—21, the characters are (n|3), (n|7), and 6, whence 
T=8. By Ex. XXXVI, 7, all four positive classes are ambiguous, 
and a=4=$3T. 

2. If D= —24, the characters are (n|3), 6, ¢. All four positive 
classes are ambiguous. See the example in § 53 and Ex. XXXVI, 


3. If D= —56, the characters are (n|7), 5, «. The four posi- 
tive ambiguous classes are 1, k?, K, #?K in Ex. XXXVI, 9. 

4. If D=+p=1 (mod 4), where p is a prime > 2, the single 
character is (n|p). Then g$1, g=1, and all (positive) primitive 
forms (a, b, c) belong to the principal genus. Hence (a|p) =1 if a 
is not divisible by p (§ 53 n.). Since a=1, the only ambiguous 
class is the principal class. 
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5. Check Ex. 4 for D= —23 and D=—31 by means of Exs. 
XXXVI, 4, 5. Hints: k=(k-)*, and every form which arises by 
duplication is in the principal genus. 

6. Gauss gave the following proof of the reciprocity law for 
positive primes p, g. First, let one of them, say p, be = 1(mod 4). 
If (q|p) =1, then (—q|p)=1 and we can choose the sign so that 
+q=1 (mod 4), # —pec=+q, whence (p, b, c) has determinant 
+-q, and (p|q)=1 by Ex. 4. Prove the converse by use of 
(q, B, C) of determinant p. Second, let p=q=3 (mod 4). For 
forms of determinant pq, the only characters are (n|p) and (n|q). 
The latter are 1, 1 for (1, 0, —pq), but are —1, —1 for (—1, 0, pq) 
since a form represents its first coefficient. But gS}7=2. Hence 
there are exactly two genera. Thus any primitive form has one 
of the total characters 1, 1 and —1, —1. Since (p, 0, —gq) repre- 
sents p and —q, we have either 


(p|q)=(—aq|p)=4+1 or (p|g =(—¢|p)=—-1. 


In the first case, (q|p)=—1; in the second case, (q|p)=+1. 
Hence if p=q=3 (mod 4), (p|q)(¢|p)=—1 in both cases. 

7. Show that gS<$T by the generalized reciprocity Theorem 
39. We may write D= +2¢PS?, where a=0 or 1, and P is a prod- 
uct of distinct, odd primes. Use the abbreviations t=3(+P—1), 
k=(—1)!, l=(—1)2, f=s(n?—-1), m=3(n—1), where n is any 
positive integer prime to 2D. Then 


(2|n)e=(—Dfe=V, (£P|n)=(—1)™(n|P), 

(D|n) =(2|n)*(4P|n)=kl(n|P) . 
If n is any positive integer, prime to 2D, which is represented 
properly by a form of determinant D, there is a root of N?=D 
(mod n) by (32) of § 46, whence (D|n)=1. Thus 

w=knli(n|P)=+1. 

Examine the various cases for D in Theorem 67 and verify that 
m is always either a character or a product of characters, except 
when k=/=P=1, and then D=S8?, an excluded case. Hence the 


characters satisfy the relation =1 and are dependent. If there 
be a single character C, then C is always +1. 
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8. Check Ex. 7 by noting that ¢(n|3)=1 for every form in 
the table in § 53. In Ex. 1, 6(n|3)(n|7)=1. In Ex. 2, e(n|3)=1. 
In Ex. 3, e(n|7) =1. 

85. Gauss’s celebrated theorem on duplication. The 
proof by Gauss employed quadratic forms in three vari- 
ables. It was proved in 1864 by Kronecker by the analytic 
methods which had been employed by Dirichlet in his proof 
of Theorem 106. We shall follow the proof by Dedekind, 
which is closely related to the proof by Arndt in Jour. fiir 
Math., Volume LVI (1859). 

TuEoreM 105. Every primitive class of the principal 
genus arises by duplication, the class being positive if D<0. 

As representative of a given class of the principal genus, 
choose a form (A, B, C) of determinant D with A prime to 
2D. Since all its characters are +1, A is a quadratic resi- 
due of every odd prime factor of D and also of 4 or 8 in 
case D is divisible by 4 or 8. For, in the respective cases 
in § 538, 6=+1, A=1 (mod 4); 6=e=1, A=1 (mod 4), 
A?=1 (mod 16), whence A=1 (mod 8). The last implies 
that A is a quadratic residue of every power of 2 by 
Theorem 17. Hence A is a quadratic residue of D. 

Without loss of generality we may assume that A is 
a quadratic residue of 4D, viz., A=1 (mod 4) or A=1 
(mod 8), according as D is odd or even. This is already 
true if D=3 (mod 4) or D=0 (mod 8). Suppose that A 
does not satisfy the respective congruence in the remain- 
ing cases. Then A=3 (mod 4), A=7, 3, or 5 (mod 8), ac- 
cording as D=1 (mod 4), D=2, 6, or 4 (mod 8), respec- 
tively, since e=1, de=1, or 6=1 in the last three cases. 
The transformation 

a —l 
(; 0) 


replaces (A, B, C) by an equivalent form whose first co- 
efficient is A’=Aa?+2Ba+C. Then AA’=(Aa+B)?—D. 
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Choose a so that Aa+B is even in the first case and odd in 
the remaining three cases, and such that Aa+B is prime 
to D. Then A’ has the desired properties and is prime to 
2D. 

By the definition of D, 4D=(2B)? (mod A). Hence 4D 
and A are quadratic residues of each other. Also A and D 
are not both negative. By Theorem 96, 


(23) Az?+4Dy2—2=0 


holds for integers relatively prime in pairs satisfying 2Bz= 
4Dy (mod A). Hence z=2By (mod A). We may write 
z=Aw+2By. In (23) we replace z by this value and D 
by B?—AC, and divide the result by A. We get 


Aw’+2Bw(2y)+C(2y)?=2 . 


In (283), Ax, 4Dy, and z are relatively prime in pairs. Since 
z is therefore odd, w is odd. If a prime divides w and y, it 
would divide z. Hence w is prime to 2y, and 2? is repre- 
sented properly by (A, B, C). Hence the latter is equiva- 
lent to a form (2?, u, v) whose first coefficient x? is prime to 
4D. This form arises by duplication from (x, u, xv) since 
any common factor of x and u would divide w2—2’v=D. 
Corotuary. If (A, B, C) is a primitive form of the 
principal genus of determinant D (positive if D<0), then 


Av’?+2Brey+Cy=2 


is solvable in integers with z prime to 2D. 

86. Theorem 106. The number g of (positive) primitive 
genera 1s half the number T of iotal characters. 

By Theorems 102-5, h=pg=qa, a=3T, q=p. Hence 
g=a=5T. 


CHAPTER X 


DIOPHANTINE EQUATIONS WITH ONLY 
A FINITE NUMBER OF INTEGRAL 
SOLUTIONS 


87. Summary. A polynomial f(z) with rational coef- 
ficients is called reducible if it is a product of two poly- 
nomials each of degree = 1 with rational coefficients. When 
it is not such a product, it is called. zrreducible. For exam- 
ple, x?—4 is reducible and x?—2 is irreducible. 

By Ex. XXX, 5, Pell’s equation 2?—Dy?=1 has infi- 
nitely many integral solutions if D is positive and not a 
square. This is in contrast to the remarkable theorem due 
to Thue:* 

TuHeoreM 107. Let f(z)=anz"+... +a be an irre- 
ducible polynomial of degree n=3 with integral coefficients. 
Consider the corresponding homogeneous polynomial 


(1) H(z, Y) = An0"+0,-12" y+ POD tary” !+aoy” P 


If c is an integer, H(x, y)=c has either no solution or only 
a finite number of solutions in integers. 

We shall obtain a like theorem for H=G(q, y) and for 
ay’+by+c=dz". Although the proofs are long, they are 
strictly elementary and presuppose only calculus. 

The proofs rest on the following theorem} of Thue on 
the rational approximation to a root of an algebraic equa- 
tion: 

* Jour. fiir Math., CXXXV (1909), 284-305. A gap in his proof 
was filled by Maillet, Now. Ann. Math., XVI (1916), 338-45. 

+ We shall follow the proof by Siegel, Videnskapsselskapets 
Skrifter, Vol. I (1921), as presented by Landau, Zahlentheorie, III 
(1927), 37-65. - 

151 


- 


152 Finite NUMBER OF SOLUTIONS 


TuroreM 108. Let 6 be a root of an irreducible equation 
of degree n=3 with integral coefficients. Let A>0. Then 


A 


nee 
y 


y 


(2) < 


holds for only a finite number of patrs of integers x, y>0. 

88. Properties of an irreducible polynomial. 

TuroreM 109. Let f(z) and g(z) be polynomials with 
rational coefficients and let f(z) be irreducible. If one root 0 
of f(z) =0 satisfies g(z) =0, then f(z) is a divisor of g(z). 

Let d(z) be the g.c.d. of f(z) and g(z). The method ex- 
plained in elementary algebra for finding d(z) is similar to 
that in §1 and shows that d(z) has rational coefficients. 
Here d(z) has the factor z—@ and is not a constant. By the 
irreducibility of f(z), the quotient of f(z) by d(z) is a con- 
stant c~0. But g=dQ. Hence g=f-Q/c. 

When f(z) is irreducible, f(z)=0 is called irreducible. 

Corouuary 1. An irreducible equation has no root in 
common with an equation of lower degree having rational co- 
efficients. 

Corouuary 2. The roots of an irreducible equation are all 
distinct. 

For, if f(z) =0 has a multiple root 6, f’(@) =0. 

89. Theorem 108 implies Theorem 107. Note that 


(3) HW, Wes (=) if yO. 

I. Let c=0. Then H=0 has only the solution r=y=0 
in integers. For, evidently y=0 implies x=0. If there were 
a solution in integers 2’, y’ with y’0, then f(z’)=0 for 
z’=2'/y’, and f(z) would have the factor z—z’, contrary to 
its irreducibility. 

II. Let c40. To y=0 corresponds at most two inte- 
gers x with a,7"=c. We first show that H=c has only a 
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finite number of integral solutions with y>0. Let Gee 
6, be the roots of f(z) =0. Consider integers x, y for which 


A(z, y)=a,(x—O1y) .. . (e—Ony) =c, y>0. 
Then 


(4) jan] - 11 [2—exy| = lel . 
Hence there is at least one k for which 


|e—Oy|SCi, Cr= 


The roots of the irreducible equation f(z) =0 are all distinct 
by Corollary 2. Hence for each j#k, |6,—0;| exceeds a 
constant C2,>0, and 


|z—0;y| = | (Q.—O;) y+ (z—Oy) | >Cxy—Ci>zCry , 
when y>2Ci/C2. Then 
II |e—d;y| > (3Cxy)"". 
jxk 


Hence (4) gives 


Cs = |c| 
et Sp OTe TC 


or |6,—2/y|<C3/y". Taking A=C; and 6=6,, we con- 
clude from Theorem 108 that y belongs to a finite set of 
integers >0. To each y corresponds at most n integers x 
for which H(z, y)=c. 

Second, consider integral solutions with y<0. Since 
f(z) is irreducible, the same is true of (—1)"f(—z), to which 
corresponds H(x, —y). By the first case, H(z, —y)=c has 
only a finite number of integral solutions with y>0. 
Hence H(z, Y)=c has only a finite number of integral 
solutions with Y <0. 
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90. Linear dependence. Polynomials P;(z),..., Pm(x) 
with rational coefficients will be called linearly independent if 
an identity c:Pi+ ...—+¢mPm=0 holds for rational ¢i,..., 
Cm only when the latter are all zero. But if such an identi- 
ty holds when the rational c’s are not all zero, then Pi,..., 
Pm are called linearly dependent. For example, x? and 2x 
are independent, while x? and 22? are dependent. These 
definitions are used also when m=1; P is called inde- 
pendent or dependent, according as P is not or is identi- 
cally zero. 

TuHrorREM 110 (Wronski). Let P;,,(x) denote the jth de- 
swative of the polynomial P(x). If the determinant 


W=(|P,@)| G=0,1,...,m—1;k=1,...,m) 
ws identically zero, P1,..., Pm are linearly dependent. 


When m=1, W=P, and the theorem holds. To pro- 
ceed by induction on m, let the theorem hold when m is 


replaced by m—1. In case Pi,..., Pm—1 are dependent, 
evidently Pi,..., Pm are dependent. We need therefore 
prove the theorem only when P;,..., Pm_i are linearly 


independent. Then our assumption for the induction shows 
that 


D=(|Pjx(z)| (j=0, 1,...,m—2;k=1,...,m—1) 


is not identically zero. Hence D0 for all real z’s between 
certain limits a and b. We can therefore solve the equations 


m—1 
(6) >) Pu@)y.=Pim(2) G=0,1,..., m—2) 
k=1 


uniquely for the y,. Insert these values of Pjm into the mth 
column of W. For k=1,...,m-—1, multiply the kth 
column by —y, and add the products to the mth column. 
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In the new mth column, all elements are zero, except the 
bottom element, which is the left member L of 
m—1 
(6) Pars. m— Rice Yn =0 e 
k=1 
Then 0=W=DL, whence L=0. 
By the differentiation of (5), we get 


m—1 m—l1 
> Bian Kk + > Path =P. r 
ER eat 


If 7<m—2, we employ (5) with j replaced by j+1. But 
if 7=m—2, we use (6). In either case, 


m—1 
> Paye=0 — (J=0, 1,..., m—2). 
k=1 


But D0 if a<x<b. Then each y,=0, whence y; is a 
constant C;,. Since the solutions y;, of (5) are rational func- 
tions of x with rational coefficients, each C; is a rational 
number. The case j=0 of (5) now gives 


DP; (x)Cz—Pn(z) =0 


for a<x<b and hence for all x. Thus Pi,..., Pm are de- 


pendent. 
91. Four lemmas. In these lemmas, needed for the 


proof of Theorem 108, 6 is a root of an irreducible equation 


(7) ¥(x)=2"+... =0 
of degree n=3 with integral coefficients; 0<é<1; g and s 
are given positive integers, s<n; G,...,¢; are positive 


integers depending on 6 and 6, but not on g or s. For a 
real x, [x] denotes the largest integer <z. Finally, 


o ealeae! | 


156 Finite NUMBER OF SOLUTIONS 


Lemna 1. There exists co and a polynomial 


mo) 8 


(9) R(z, y) = ss So buty! ’ 
7=0 j=0 
whose coefficients are integers not all zero, such that 
(10) |b:;| SG (OSiSm+g, 0578s) . 
Also, R(x, 6) is divisible by (x—6)*. Hence 1f we write 
_ LeRr(z, y) 
(11) Riz, y= oar? t 
then 
(12) R,(6, 0) =0 (/=0,1,...,g-1). 
Let 61, ..., 0, be the roots of (7). Write 
c¢,=1+[Max. of |6:| ,..., |O.|], c2=2(1+ce1), 
C3 = C3" ’ 
Cs=14+[(8c3)"”"], co=2e,, a=cf, t=acs, 
(13) N= (2a-+1) tet) , 
Then 


c> (8c3)"/6 : a> Brees ; artis (3acg)" = (3t)” “ 


Since m+1 exceeds the quantity in brackets in (8), 
(n+6)9 

st+l1 ’ 
(14) N>aeteyeS (8t)"? . 


m+g+1> 


Consider the N polynomials 


m+g9 8 


(5) P@ =>) S Bw, Balsa, 
}=0 


~7=0 j 
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with integral coefficients each chosen from 2a+1 values. 
Employ notation (11) with P in place of R; then 


m+9g os 5 
= ¢ . pila 
Pi(z, y) ae SS nS (1) Bue ye; 


(1) Ba E (a lex (1+1)™+¢q=2"+0q =} ’ 


where 6 is a new abbreviation. For k=1,... , 2, we have 
| Ox} <cr and 
m+g s 


|Pi(y 6) | <b y ciel <b(1 +e,)™*0(1-+e,)° 
i=l 5=0 


t=1 


<< Qntoteqg(1 +¢,)™tots = acymtots 


By (8), 
n+1 n+1 ; 
m<(“7-1)g ; m+g+s<—,— gtn<ng+ng. 
Hence 
(16) | P.(6:, 6x) | <ac,?"9 =ach=t * 
Of the roots of (7), let 6:1,...,6, be real and & and 


6:4¢ be conjugate imaginary for r<k<r+c. Thus there 
are r real and ¢ pairs of complex roots, where either r or ¢ 


may be zero. 
Let a denote any one of the g numbers P,(6, 6), where 
0</lSg—1. To a we make correspond n real numbers 


@1,..., a defined by 


a, =P1(O;, 6.) (k=1, eucieen r) , 
an ttase=Pi(h, 6.) (k=r+1, sie ei 5 r-+c) : 
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If for such a complex number P we denote its real com- 
ponent by RP and the coefficient of 7 by SP, we have 


ax=RP (Ox, 6x) (k=r-+1, Se elers, r+c) ; 
ap= SPO, a) (k=r+c+l1, weal 5 r+2c) . 
By (16), |a.|<éfor k=1,...,n. 


For each of the N polynomials (15) we therefore have 
gn numbers a, which may be regarded as co-ordinates of a 
point within a ‘‘cube” of edge 2¢ in gn-dimensional space.* 
We divide this cube into (3¢)9" congruent smaller cubes 
each with an edge 2t/(3t) =2. By (14), we have more points 
than small cubes. Hence at least two of the points belong 
to a certain small cube. Let these two points arise from 
the polynomials P* and Pt of type (15). Each of their 
coefficients is numerically Sa. Write 


R(z, y)=P*(a, y)—P'(a, y) . 
This RF is of the form (9). We have (10) since 
|b:;| Sa+a=2cf S (2cs)? =cf . 
Let 0</<g—1 and use the temporary abbreviations 
p=Ti(6:, 0) ,~— A=PF(G, 0), B=P[Gx, 6) . 


For 1<kSr, A and B are corresponding co-ordinates 
of two points in a cube of edge 2, whence |p| =|A—B| <2. 
For r+1sSkSr-+c, we have 


[Ro] =|RA-RBl <3, [Fo] =|SA-YB| <3, 


whence |p| <$2/2<1. Since @ and Oi+¢ are conjugate 
imaginary, 
| RiGites O+e)| =|] <1. 


* This convenient geometrical language may be readily replaced 
by arithmetical statements concerning the gn numbers az. For a 
single number (or one dimension), the entire proof is similar to that 
in § 96. 
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Hence |p| <1 for k=1,...,n. Thus the product 
Ri(61, 61) Sie Ri(6n, On) 


is numerically <1. Being a symmetric function with inte- 
gral coefficients of the roots of (7), it is an integer. Hence 
it is zero. Thus p=0 for a certain k. Since the polynomial 
Riz, 2) with rational coefficients vanishes for one root of 
an irreducible equation (7), it vanishes for all its roots 
(Theorem 109). Hence (12) holds 

Lemma 2. If R(x, y) has the properties in Lemma 1 and 
of x—0=u, y—0 =p, |u| $1, |v| S1, then 


| Ri(x, y)| Se&{|ul'+|v|} (sStsg—1). 
By (9) and (10), 


mt+g—-l s 


Ria, y)= as Do des ay? ; 


k=0 j7=0 


C7) dey = ("7") base sl s(" 9 )et <-taymees <et 


if cg =2"*1¢q, since by (8) 


Evidently 
(18) R(x, y)= Sd) dei(u+6)*(0-+8)? =z SSeuiutot 
kag 


ky 7 


By Lemma 1, R,(z, 8) is divisible by uw’. Hence 


m+g—l m+g-l s 


(19) Ri(z, y)=u7 = Cxouh—ot ly De Sento 


k=g—l k=U j=l 


160 Finite NUMBER OF SOLUTIONS 


Comparing the coefficients of wv? in the two sums in 
(18), we get 
= k i) Ak—pgi-4 
an 2 (7) (;) x70 


lena] >> |dis| (181 -+1)*(18| +1) 
Eg 


Thus 


But |@| <c; and the number of summands is S$ (m+g-+1) 
-(s+1). Applying also (17), we see that 

|€pq| <(m+g+1) (ste (ar t1)”*(a.+1)°<cG , 
by choice of a positive integer c; independent of g and s. 
Hence by (19), if |w| $1, |v| $1, 

|Ri(z, y)Sfule'c? F1+]vlcee 2T1. 

Hence there is a positive integer c;, independent of g and s, 
such that Lemma, 2 holds. 


Lemma 3. Let R(x, y) have the properties in Lemma 1, 
so that we may write 


R(x, y) = So fiay* , 
i=0 
where each f;(x) 1s a polynomial with integral coefficients of 
degree Sm+g. Let o+1, but not more, of the f; be linearly 
independent. Let the Fi.(a) for g=0, ... , o be linearly inde- 
pendent, whence by Theorem 110 the determinant 


W(x) = If? @)| (p=0, ey OY q=0, sey a) ) 


involving the pth derivatives of the f, is not identically zero. 
Let g>n and let a rational number h be given. There exists an 
integer y, depending only on 6, s, 6, g, h, such that OSyS 
dg+n’—n, while, for the yth derivative of W(x), 


W™(h)¥0. 
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Here oSs<n<g, and every f;(x) may be expressed as 
a linear function of the fi, (x) with qSo with rational coef- 
ficients. Then 


(20) R(w, y)= > fig(2) Ua) » 
qg=0 


where the U’s are polynomials with rational coefficients 
of degrees Xs. No U,(y) is identically zero, since the co- 
efficient of y’a in it is 1. By (11) and (20), 


(21) pI Roe, y)= > f@Usy) Ope). 
q@=0 


By Lemma 1, R,(2, 6) is divisible by («—6)*-? and 
hence by (x—6)9-°. The same is therefore true of the sum 
in (21) for y=6. We multiply the latter by the cofactor of 
I) in W(x), sum for p=0,..., 0, and get W(x) U)(6). 
The degree of Uo(y) is Ss<n; hence U,(y) vanishes for no 
root of the irreducible equation (7) of degree n (Corollary 
1). Since U,(6)#0, W(x) is divisible by (x—6)9-°. The 
exponent is positive. Since W(x) vanishes for the root 6 of 
the irreducible equation f(x) =0 in (7), we have W=fQ by 
Theorem 109. If g—c>1, we see similarly that Q=/Q,, 
etc. Hence 


(22) W(x) = {f(@)}°-"D@) , 


where the polynomial D(x) has rational coefficients not all 
zero. Let d be the degree of D(a). 

Each element of determinant W of order o+1 is either 
identically zero or is of degree Sm-+g. Hence W is of de- 
gree S(c+1) (m+g). Hence by (8) and i 


dS(o+1)(m+g) —n(g— a)S(st))  g- ng-+ns 
ee. : 
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Since h is a rational number, f(h)~0. By (22), if W is 
divisible by (x—h)7, but by no higher power, then y Sd. 
This proves Lemma 3. 

Lemma 4. Let K be prime to E>0, and k prime to e> cj. 
Let g=2n?, 6<3. There exists an integer | depending on 8, 
s, 6, 9, K, E, k, e, and exists a positive integer ¢ depending on 
6 and 6 such that OS1<6g-+n? and 


(23) cH™veM>1, M=Maz. of 0—- : ; |o—z 
We may assume that 
K k 
Sree meen 
(24) lo zsh |e =| s1. 


For, if either were > 1, (23) holds for /=0. Next, in (9), 


m+9 


R(x, y)= > dil). 
i=0 


If every ¢;(k/e) =0, select an z such that ¢,;(y) is not identi- 
cally zero. Evidently e divides the coefficient of the high- 
est power of y in ¢.(y). By (10) that coefficient is nu- 
merically <cj. Hence eXc{, contrary to hypothesis. This 
shows that R(x, k/e) is not identically zero. Hence in (20) 
there is a q for which U,(k/e)#0. Since we may permute 
the functions f;,(x) in Lemma 3, we may take Uo(k/e) #0 
without loss of generality. 

Multiply (21) with y=k/e by the cofactor of if (x) in 
the determinant W(x), sum for p=0,..., 0, and get 


(25) W(2)Us (=) - > T(x) R, («, 4) 
p=0 
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where 7'(x) is a polynomial with rational coefficients. By 
Lemma 3 with h= K/E, there exists an integer y such that 


OSySig+n?—n, wo(F) x0. 


Then by (25) there are rational numbers u; for which 
oty 


we (Bale) Suni.) 


Since the left member is not zero, the same is true of some 
summand on the right, say that given by j=l. Then 


OSlSo+y<n+ySigin’, 
K &k 
S=R; (F ) #0. 


By the hypothesis, we get 1<3g+i3g=g. By (9), E™*toeS 
is an integer ~0 and hence is numerically 21. But by 
Lemma 2 and (24), 

K 


IS|<oV, V= e-F 


g—l 


+|e-7 


Thus 
1SE™ | 8| SPH eV S22 Het M , 
for M in (23). Define an integer c so that 2c?<c?. This 
completes the proof of Lemma 4. 
92. Siegel’s theorems on the approximation to 9. 
TuHeEoREM 111. Let 6 satisfy an irreducible equation of 
degree n=3. Let s be a fixed one of 1, 2,...,n—1. Let 


(26) v> Sate 


There is only a finite number of pairs of integers x, y satis- 
Sying 

£ 

27 |e-= 

(27) 7 


<=, Tee 
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For s=1, this was proved by Thue. 

I. Let the equation (7) satisfied by @ have integral 
coefficients and unity as its leading coefficient. It suffices 
to prove the theorem for integers x and y whose g.c.d. d is 
1. For, if d>1, write X =2/d, caaee Then (27) implies 
(28) le = 7| <a Ze 


wy? 

Suppose there is only a finite number of pairs of integers 
X and Y(Y>0) for which the first term of (28) is less than 
the third. For each such pair, the first inequality gives an 
upper bound for d. Hence there will be only a finite num- 
ber of pairs of integers x, y satisfying (27). We may there- 
fore assume henceforth that xz and y are relatively prime. 
Write 


(29) e=y— (+8) é 


By (26), e>0. If the theorem is true for a given », it fol- 
lows when » is replaced by h>», since y21, y*=y”. Hence 
we may assume that e<1. 

Suppose there are infinitely many relatively prime 
solutions of (27). We have 


y<gntste<in+(n—1)+1<2n. 


For a fixed e, choose a number 6 so small that 


eee 1 
To each y correspond only a finite number of integers z. 
Hence there is a solution with y arbitrarily large. Thus 
there is a solution x= K, y= 2, in relatively prime integers, 
such that 


(31) >, Ete 
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For the same reason there is a relatively prime solution 
k, e, where e is so large that the integer g determined by 


(32) E°<e<Eow 
satisfies 
(33) g=2n? , 7> yrets. 


By (81), e>c{. There exists an integer ] depending on 
6, s, « only which satisfies the inequalities in Lemma 4. 
Since K, E and k, e satisfy (27), the maximum of 


G = 1 
exceeds M in (23). Hence 
(34) Max. {coHmte-vo-Des , che \>1, 
By (82), (8), Lemma 4, (80) and (83), 
Bete vise < Et, sherri anita 


es Serta eee +2 
i, cate apse 
Since v>s, (32) gives (1/e)”*S (1/E*)”*. Then by (8), 
Emtoe< EY, w= a gt+g(s—») . 
Then by (29) and (80), 
= =a" —- e<— Ee 


Hence by (31) both of the numbers in the brackets of (34) 
are <1, a contradiction. 
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II. Let g6"-+q.0" 1+ ...+¢,=0 be irreducible and 
have integral coefficients. Multiply by g* and write = 0. 
Then 


aan +agen" + 6. a" n= 0, 
which is of type (7). We shall be led to a contradiction if 


we assume that (27) has solutions with y sufficiently large. 
For, if we denote gx by X, we have 


| Xe ak 
U] 


ee p= ar 


ori 
when y‘/2> gq. This contradicts case (I) of Theorem 111. 
To prove Theorem 108, apply Theorem 111 with 
s=1, v=jn+l1+e, e=in-3. 
Then for y large and every 2, 
a Ne 1 29 cA 
UVa ees 


yZA, 


THEOREM 112. Jf @ satisfies an irreducible equation of 
degree n=3 and if A>0, 


A 


je—= <a 


has only a finite number of integral solutions x, y>0. 

Let b denote n/(s+1)+s for s= [Vn]. Since 1+s> Vn, 
b<2Vn. Apply Theorem 111 with v=b+.e, e= 12Vn—b). 
Then for y large and every 2, 

x 
Y 
93. Siegel’s generalization of Theorem 107. We may 


replace H=c by H=G provided the degree of G is not too 
large; the exact statement is 


desea at 


> = 
niet CPO pv 


g— 
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THEOREM 113. Define f(z) and H(z, y) as in Theorem 
107. Let M be the minimum n/(s+1)+s for s=1,..., 
n—1. Let G(x, y) be a polynomial with integral coefficients 
in each term of which the sum of the exponents of x and y is 
<n—M. Then H(x, y)=G(a, y) has only a finite number of 
integral solutions. cy 

We saw that M<2Vn. Since n= 3, the case s=1 shows 
that M <n. 

I. Consider solutions with |x| <y>0. By the degrees 
of the terms of G, a sufficiently small positive « may be 
chosen so that 


(35) IG(@, y)|SCyr™™, 


where C, (and C2,..., Cs below) is >0 and free of 2, y. 
Since 


(36) H(z, y)=an(t—Oy) ... (—Ony) =G(a, y) , 
there is at least one value of k for which 
ie a M—2e 


|z—Oxy | <Cry” , v n 


For every j<k, |6,—6;| exceeds a constant C3, and 

(37) |z—6y| =| (.—0;)y+(e—fy) | >Csy—Cry’ > Cy , 
for y sufficiently large. From (35), (86), and the product of 
(37) for all j7#k, we see that 

Cy Cs 


let <1 Cat yt” 


Hence if y*>C;s, 
x Cs 1 


aes < pute S git . 


But for y sufficiently large this contradicts Theorem 111 
Hence H =G has only a finite number of integral solutions 
with |x| Sy>0. 
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II. We employ the irreducible function (—1)"f(—2), 
to which corresponds H(z, —Y). By (1), H(z, —Y)= 
G(x, — Y) has only a finite number of integral solutions with 
|a| <Y>0. Hence the same is true of H(z, y)=G(a, y), 
\a|<|y|, y<0. Next, if |x| <|y| =0, then z=0. 

III. We employ the irreducible polynomial 


(=) =Aoz"-+ ... +02, 


to which corresponds a function of x and y equal to H(y, 2). 
By (I) and (ID), H(y, z)=Gy, 2) has only a finite number 
of integral solutions with |x| <|y|. Hence the same is true 
of H(a, y)=G(z, y), |z|2lyI- 

94. Coefficients of the factors of a reducible poly- 
nomial. 

TuHeEorREM 114. Let two polynomials with integral coeffi- 
cients 


a(x) =ayz'+ ... +a, B(x) =bna™+ ... +0 


have the product aB=Cijmz'*™+ ... +c). Let A denote the 
g.c.d. of the coefficients of a, B that of B, and C that of af. 
Then AB=C. 

I. Let A=B=1. Suppose that C>1. Then there is a 
prime p which divides every c;. Let p divide a, .. . , aj-1, 
but not a;. Let p divide bo, . . . , b,_1, but not b;. The cases 
7=0, k=0 are not excluded. Evidently cj; is 


» ++ fajpobp—2t+Gj41b,_-1+a;b, +a;_1besi1ta;_obppot + ++. 


Every term except a,b; is divisible by p. Hence p does not 
divide c;,,. This contradiction shows that C=1. 

IJ. For any A, B, write a(x)=a(x)/A, b(x) =B(x)/B. 
Then the g.c.d. of the coefficients of a(z) is 1, likewise that 
of b(x). Hence by (1) the g.c.d. of the coefficients of ab is 1, 
whence that of af is AB. 
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TuroreM 115 (Gauss). If a polynomial f(x) with inte- 
gral coefficients is reducible, it is a product of two polynomials 
of degrees =1 with integral coefficients. 

In case the g.c.d. d of the coefficients of f(z) is >1, we 
apply the following proof to f(x)/d instead of f(x). Hence 
let d=1. We have f=g-h where g and h have rational 
coefficients. We may choose positive integers G and H 
such that the coefficients of Gg(x) =a(x) and Hh(zx) =6(z) 
are integers. We apply Theorem 114 and note that a8 = GHf 
implies C=GH. Hence f is the product of a/A and 6/B. 

95. Thue’s generalization of his Theorem 107. 

THEOREM 116. Theorem 107 holds also if we omit the 
assumption that f(z) =0 is irreducible, but assume that all its 
roots are distinct, and* c0. 

New proof is needed only when f(z) is reducible. Then 
by Theorem 115, f=a(x) B(x), where a and @ are poly- 
nomials of degrees a> 0, b>0 with integral coefficients. Let 
A(z, y) and B(x, y) be the corresponding homogeneous 
polynomials. Our equation H(z, y)=c becomes AB=c. 
For integers x and y, both A and B have integral values. 
Also, c is a product of two integers in only a finite number 
of ways. Hence if u and v are given integers 40, it remains 
only to prove that 

A(z, y)=u, B(x, y) =o 


have only a finite number of common integral solutions. 
Since this is true when y=0, let y#0, z=2/y. Asin (8), 
(38) yra(z)=u, yB@)=0, 
v2y%ab(z) =o2u? = uby%B2(z) , 
D=v%a®(z) —wB*(z) =0. 

Since no root of a(z) =0 is a root of B(z) =0, D is not identi- 
cally zero. Hence there is either no rational root of D=0 

* If f(z) =23—1, c=0, then 2? —y*?=0 has infinitely many integral 
solutions. 
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or only a finite number of rational roots. For a fixed z, 
(38) hold for at most two integers y, and then x= yz. 
96. A rational approximation to any real number. 
TurEorEM 117. If a is real and g is a positive integer, we 
can find integers x, y such that 


|e—ay| <=, 1<ySg. 


Given av, where also v is real, we can evidently find 
an integer u such that OS u—av<1. Hence w—av lies in 
one of the g sets of numbers separated by consecutive 


terms of 
1 2 3 g—1 Gs 


= = —- wes Le 

g g g g g 
where the first set includes 0, but not 1/g, and likewise for 
the remaining sets. Give to v the values 0,1,...,g. Since 


we have g+1 values of w—av and only g sets, at least two 
values lie in the same set. Let w—av and w’—av’ lie in the 


kth set, so that 
ae we Sar vo’ ~v. 
g g g g 
We may take v’>v. Then 


soe (u—av) at ‘ 
g g 


Then c=u’—u and y=v’—v are the desired integers. In 
particular, |a—2/y| <1/y’. : 

97. Quadratic function made an nth power. 

THEOREM 118.* If a, 6, c, d are integers, a~0, d¥0, 
b’—4ac40, n=3, there is only a finite number of integral 
solutions of 
(39) aY?+bY+c=dz". 

* Thue, Archiv for Math. og Naturv., Vol. XXXIV (1917), No. 


16; Landau and Ostrowski, Proc. London Math. Soc., XIX (1921), 
276-80 (by theory of ideals); Landau, Zahlentheorie, III, 60-64. 
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Write y=2aY 1b, k=b?—4ac, l=4ad. Then 
(40) y—k=le, kl<0, n=3. 


It suffices to prove that (40) has only a finite number of 
integral solutions, when k and J are integers. 

I. Letk=m?. Let «#0. Then y+mx<0. Let a prime p 
divide y+m, but not 2ml. Since p does not divide y—m or 
l, it divides y+m exactly as often as it divides 2”. Hence 


ytm=tpr... pie, 


where 1, .. . , p; are the distinct primes which divide 2ml, 
while r:,...,7; are integers 20, and 2z is an integer. 
Since p? may be combined with 2", we may assume that 
each r; is one of 0, 1,..., —1. Hence y+m=gqz", where 
q is one of a finite set of integers #0. Similarly, y—m=sw", 
where s is one of a finite set of integers ~0. Hence it suf- 
fices to show that for fixed n=3, qX0, s¥0, m0, the 
equation 
qe” — sw" =2m 

has only a finite number of integral solutions z, w. This is 
true by Theorem 116 since f(z)=qz"—s=0 has distinct 
roots. 

II. Let & be not the square of an integer. Then 740 
in (40). We shall prove that (40) has only a finite number 
of integral solutions with z>0. Applying that result to the 
equation derived from (40) by replacing 1 by (—1)*l, we 
obtain our theorem for (40) with z<0. 

Hence let x>0. By Theorem 117, 
a-T)<", 1s0so 
has integral solutions 7, g. We take a=y/z, g= [V2]. Then 
V «<g+1< 29, and 


(41) l<qSVz, 
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Write 
(42) s=qy—Te . 
Then 
(43) s=qy (mod 2) , \s| <2Vx. 
Let 6 be a fixed root of 6?=k. Define K so that 
(44) lo] =K=V |k| . 
Write 
f=s+¢6, t= (=) ; B= —— ‘ 


Since g#0 and k is not a square, [~0. Then 
(26) as t(y+6) = Bs . 
By (48) and (40), 

8 —kP=_e(y?—k)=_qlz*=0 (mod 2) , 
whence ¢ is an integer. By (42) and #=k, 


s—gd=q(y—6)—rz , 
(s—q0)” = (—1)"r"a"+ (y—6)(C+ D6) , 


where C and D are integers. Multiply this by y+6 and 
apply (40). Hence 8=A-+Bé, where A and B are integers. 

For fixed n, k, 1, each of t, A, B has a finite set of values. 
For, by (43) and (41), 


(| (EI) (EEN at ie, 
ly|SV [kl +[l]arsorVv Tel + [1], yl +lo|sarem , 
M=V|k|+|l]+K, 
[s|+-¢|6| <2V2+Va2K=V2(2+K). 
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Hence for both signs, 
|A+Be| = ee <(2+K)"M . 


But the sum and difference of A+Bé@ and A—Bé give 2A 
and 26B, whence A and B are limited. 

Hence for fixed n, k, 1, (45) includes only a finite num- 
ber of equations in the unknown integers y, s, q (the last 
two from é). Also, 


t(y+0)=(A+Bé)(stq6)” , 
whence 
(46) 2¢={(A+Bé)(s+q0)"—(A—B0)(s—q6)"}/0 . 


For fixed n, t0,'A and B, (46) is a Diophantine equation 
for s and gq, since its second member is evidently a poly- 
nomial in s and q with integral coefficients. We shall prove 
that it has only a finite number of integral solutions. 
I. Let B40. The coefficient of s” is 2B40. Also, the 
corresponding equation in z=s/q is 
F@) = {(A+B8) (2+0)" — (A — Be) (2—9)"} /0=0, 

or 

aa! “om _-A—B@ 

ee ge ae eG a 


Hence f(z) =0 has n distinct roots. Theorem 116 applies. 

II. Let B=0, H=A(1—(—1)")6"10. This £ is the 
coefficient of g”. To see that Theorem 116 applies with x 
and y interchanged, we note that the corresponding equa- 
tion in Z=q/s is 


A(1+Z6)"—A(1—Z0)"=0, (Gy) =. 


whose roots are distinct. 
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III. Let B=0, H=0. Then s and q divide 2. 

Hence in each case (46) has only a finite number of 
solutions s, g. For each solution, (45) has a single unknown 
y. For each solution y, (40) holds for at most one integer 
x>0. 

Landau employed Farey fractions in his proof. Our 
proof uses the simpler Theorem 117. 

If P(x) is of degree k and has integral coefficients and 
no multiple root, then P(x) =cy? has only a finite number 
of integral solutions.* 


EXERCISE XXXVIII 


1. Prove Theorem 107 when we assume only that c#0 and 
that f(z)/an is neither the nth power of a linear function nor the 
znth power of an irreducible, quadratic function, each function 
having rational coefficients. Use Theorems 107 and 116. 

2. Contrast in detail the theorems of this chapter with those 
of chapters iv and vi. 


* Proof by algebraic numbers in Jour. London Math. Soc., 
I (1926), 66-68; for k=3, Proc. London Math. Soc., XXI (1923), 
415-19. In Messenger Math., LI (1922), 169-71, Mordell gave a proof 
for k=3 by using Theorem 107 for n=4 and the finiteness of the 
classes of binary quartics with given invariants. 


CHAPTER XI 


MINIMA OF REAL INDEFINITE BINARY 
QUADRATIC FORMS 


98. Representation by f(z, y) will be understood to be 
by use of integers x and y not both zero. For example, 
x’+ay—y’ represents 1, but not 0. 

TuHeEorEM 119. Let L(f) denote the lower bound of the 
absolute values of the numbers represented by any real indefi- 
mite binary quadratic form of discriminant d. Then always 
L(f) SV d/5, while evidently L(fo) =V 4/5 for 
(1) fo=V d/5(+ay—y) . 

If L(f)=V d/5, then f is equivalent to fo. aie 

Hence if f has a minimum, the latter is <Vd/5. us 

We employ the notations* of § 65. Write R=Vd. 


Then 
R B; A; 

(2) aol a. : Ee ar te ; OR 
(5) P=: 9i1gie---), Ss=Ogirgie...), 
where the g; are positive integers and each A;>0. Write 
(4) K;=F;4S8; . 

The theorem will follow if we prove that, for every set 
of positive integers 
(5) Set Terie Oicvtess hs 
there exists an integer 7 such that K;= V5. For then 
Agisk/ V5. But by Theorem 86, the lower bound of the 
A; is L(f). 

* In chap. vii we assumed that neither root of fis rational. But a 


form f having a rational root evidently takes the value zero for inte- 
gers x and y not both zero. Our theorem is true trivially for such an f. 


175 


F,S;= 
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If any g:=3, then Ki>F;>g: gives Ki>V5. It re- 
mains to consider sets (5) having every g;=1 or 2. 
If every gi=1, then 


F.=(,F), P=Fit1, Fi=i(V5+1), 


S.=7-HVY5-1), Fi 8 =P Sa 1 


By (2), B:=Ain=A:=R/V5. Since 
(6) ®;=(—1)'Aw+Bay—(-1)‘Aiuy’, 


®y is the form (1). 
Next, let a certain g;=2. Then F;>2 and 


z= Oe. oe C8 )<gut1383 ; Ki>21>V5 é 


This proves Theorem 119. It is supplemented by 
TuHrorEM 120. If f zs not equivalent to fo, then L(f)S 


Vd/8 =L (fi), where 
(7) fi=V 4/8 («?+2ny—y’) . 


Lf f is equivalent to neither fy nor f,, then L(f) $5V 4/221 = 
L(fe), where 


(8) fo=V d/221 (52?+11ley—5y?) . 


If L(f) =L(f;), then f ts equivalent to f;. 

It suffices to prove that, for every set (5), such that 
not every gi:=1, there exists an integer i for which K;> V8 
or K;=V 221/25 in the respective parts of the theorem. 
Since both inequalities hold if K;=3, we may assume 
henceforth that every K;<8. Then every g; is 1 or 2. 
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If every g;=2, then 
F=2,F), Fi=2F.41, F:=V2+1, 
Si=p=V2-1 ; K;=V8 ; B;=2Ai41 ) 
R 
A;=Ani=—=, H=fi. 
Ears 
Henceforth let both 1 and 2 occur among the g’s. If 
three consecutive g’s are 1, g;=2, 1, then Theorem 82 gives 


ne (2, 4. ..>)1-(0, 1, ...)>(2) 1, 51)4-O, 1, T)=25-+44 


Hence no triple 1, 2, 1 occurs. 

If a triple g;=2, 1, 2 occurs, then g;_1=2 by the last 
remark, and 
K;=(2, 1,2,...)+(0, 2,...)>€2, 1, 2)+(, 2, 1) =22+44. 


We shall write ¢; for a succession of 7 terms each t. 

If no term 2 precedes a 1, the set is 1,, 2,,. Denote the 
first 2 by g;. Then by the cases having every g;=1 or 
every gi=2, 


Ki= (2) +0, le) =V2414+3(V5—-1)>3. 


It therefore remains to treat only the case in which 
there is an 7 such that 


(9) Qi1=9i=2, GJiui=Gir=l. 
Write F=F 13, S=Si_1. We have the identity 
(10) (0,2,2)+(0,1,1,2)=1 ifz>0. 


Hence for z>0, 
(11) (0, 2, z)+(2, 2) $3 if and only if z= (1, 1, x). 


By (9), K:=(2, 1, 1, F)+(, 2, 1/8). In (11) take x=1/S, 
z=(1, 1, F). Hence K;S3 if and only if F2=1/8. 
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Next, Ki1=(2, 2, 1, 1, F) +8. Add 2—2 to (11) and 
take «=(1, 1, F), z=1/S. Hence Ki1S3 if and only if 
1/S= (lu, F). We may therefore assume that 


(12) rat 52 (1, F)= (14 5) 


The final quantity is = (1s, 1/S)=(1i2, 1/S)2 ... 
whence 


F,> (2,1, 1)=23, Ki>3(8—V5)>V8. 


This proves the first statement in Theorem 120 and the 
fact that when L(f)=V d/8, f is equivalent to fi. 

Finally, let f be equivalent to neither fo nor fi. Then 
our sets (5) have properties (9)—(12). 

We next prove that the number of terms 1 which im- 
mediately follow any term 2 is even or infinite. Let g;=2, 
1,, 2 occur. Here m>1, since 2, 1, 2 was excluded. We 


have (2,...)>2>4(/5+1)=(1,,). If m were odd, 
F=(1n2, 2,..-)<(m—2 loo) = (Leo) - 


But, by (12), i ehs, F) 2 (1g, | =ipeine eae hs)» This 
contradiction shows that m is even. It follows that the 
number of terms 1 which immediately precede any term 
2 is even or infinite. 

The chain for )=[5, 11, —5] has the period &, 6;= 
[—5, 9, 7], 2=[7, 5, —7], 3=[—7, 9, 5], and the 6’s of the 


transformations ( 4 which replace each by the next 


0 
S1e8 
and ®; by & are 2, —1, 1, —2. But g,=(—1)*&. Hence 
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Jin = Qint3=2, Jin+1=Jinz2=1 for every n. Write A for Fo, 
B for So. Hence 
13A+5 rae Pyle sal 


A=(,1,1,2,4)== >, a, 


A+B=1V221. 


We shall prove that for every set (5) there exists an 7 
such that K;=>A+B. 

I. Let three consecutive terms 1 occur. Let g;=2 pre- 
cede these three terms 1 and hence four terms 1. Then 
F;=(2,1,1,1,...)>A. Also, g;1=2, since a triple 
1, 2, 1 is excluded. If g;.=2, S;=(,.2, 2,...)>B, 
K;>A+B. Henceforth let g:2=1. Hence gi_3=1, since 
2, 1, 2 is excluded. 

I,. Let g:4=1. Since an even number of terms 1 pre- 
cede a term 2, gi5=1. Then S=(0, lu, co), c=(gic,...).- 
By (12), SS(0, lu, F). Hence c2F. Thus 
5F+3 _ 13G+8 
13F+8 34G+21’ 


where G=Fiis, whence F=(1, 1, G)=(2G+1)/(G+1). 
Hence 


S;=(0, 2, ly, o)2 (0, 2, lL, F)= 


eS _13G+8 _ 3(13G+8)? 
F,=(2, li, G) = 5G+3 ’ Ki2f, f= A ’ 
where A=(5G+3)(34G+21). We find that 
df _—3(138G+8)(29G+18) 
dG ie , 


Hence f decreases when G increases, and its least value is 
given by G=. Thus 


ke 


17/221 
Sr aq> iV 221. 
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Ie. Let g54=2. Then S;=(0, 2, 1,127 .’. ) exceeds 
the preceding S;, whence K; exceeds the preceding Ki. 

II. Let three consecutive terms 2 occur. Denote the 
last such term by g:=2. By I, the set is... , 2, 2, 2, 1, 1, 
2; 2, s+ «« Ebenee 


P;> (2, 1, 1, 2, 2) =44 , Si> (0, 2, 2) =4 ? K:>4V 221. 


By I and II, pairs of terms 1 alternate with pairs of 
terms 2. For 7=4n, we saw before I that F;=A, S;=B. 
By means of (2) we find that 9; is fe in (8). 

The preceding proofs of Theorems 119 and 120 are due 
to the author. But Markoff* had given an elaborate proof 
of an extension of Theorem 120 to an infinitude of forms 
fo, fi, ..., each having a minimum >4R and such that 
every f having L(f)>38 is equivalent to one of the f;. An 
exposition will be given in the author’s Studies in the 
Theory of Numbers (University of Chicago Press). 

* Mathematische Annalen, XV (1879), 381-406; XVII (1880), 
379-99. 


INDEX 


Ambiguous class, 143-47 
form, 71, 116 


Approximation; see Rationa. 
Associate form, 116 
Automedian, 125 
Automorph, 72, 111-15 


Belonging to exponent, 16, 17 
Binary, 63 


Casting out nine’s, 8 
Chain of forms, 102-11 
see Residual 


Characters, 82-84, 87, 141 
relation between, 148 
total, 145 

Chinese remainder theorem, 11 

Class, 66, 71, 136-50 
principal, 140 
single in genus, 88 

Complete set of residues, 6 

Composite, 3 

Composition, 96-98, 134-50 

Congruence, 10 
linear, 10-12 
multiple root, 15 
number of roots, 10-16 
prime modulus, 14, 15, 16 
quadratic, 13, 38, 75, 76 
z@=1, 16, 17 
see Residual 

Congruent, 5 

Continued fraction, 105-8 

Convergent, 106 


Definite form, 67 

Determinant of form, 82, 141 

Diophantine equation, 40-62, 
91-98, 117-33, 150-74 
integral formulas solving, 41 


method of Euler and La- 
grange, 96-98 

system of like powers, 49-58 

with finite number of solu- 
tions, 151-74 

e—y=P, 5 

x+y? =(2-+n*)22, 47, 48, 126 

Az’?+y? =2?, 40-42, 126 

ax? +bry-+cy”? =ez*, 44-48, 56, 
57, 150 

ax? by? +cz? =e, 49 

ax? +by? +cz? =0, 117-33 

Azry+Bzr+Dy+#H=0, 56 

@—du? =4, 112-15 

w? —Dw?=1, 115 

v—my? =zw, 91-94, 97 

V+arytky? =zew, 93 

vVt+y?+2=w’, 94 

ee +cy? =zw or ww, 94— 


ax’? —my’ =2, 96 
e+y+e+w'=0, 58, 59 
xv +azx?y +bry? +cy? =o?, 98 
vyt+y2+2uw+ur=0, 60 
v+y? =z', 42 


x2—my? =2", 
ay? +by +c =dzx", 170 
f(z, y) =f(, w), 48, 60-62 
F(a, y, 2) =o, 97 
H (x, y) =c, 151, 169, 174 
A(z, y) =G(z, y), 167 
P(x) =cy*, 174 
Discriminant, 63 
Divisors: number of, 4 
of form, 138 
of number represented : are 
represented, 95 
sum of, 4 


Duplication of classes, 143-44, 
149 


182 


Equal sums of powers, 49-58 


Equivalent forms, 65, 66, 68-71, 
89, 101 
reduced forms, 108-11 


Euler’s generalization of Fer- 
mat’s theorem, 8 
¢ function, 7, 19 
Factorization into primes, 3 


Fermat’s theorem, 6 
converse of, 9 
Euler’s generalization, 8 
Form; see Quadratic 


Gauss’s lemma, 32 

Genera, number of, 141-50 

Genus, 84, 85, 87, 88 
principal, 142-43, 149 

Greatest common divisor, 1, 2 

Group, 142 


Identity transformation, 65 
Idoneal, 89 

Improper representation, 79 
Improperly equivalent, 65, 71 
Incongruent, 5 

2 wk form, 67, 99-116, 175- 


Index, 29, 118 

Infinitude of primes, 4, 5, 96 

Integral form, 69, 71 
transformation, 65 


Inverse class, 140 
transformation, 65 


Irreducible, 151-52 
Jacobi’s symbol, 36 
Kronecker’s symbol, 77 


Lattice point, 35, 36 
Least residue, 6, 32 
Legendre’s symbol, 31 


Linear congruence, 10-12 
dependence, 154 
equation, 9 
function, 12 


INDEX 


Linear transformation, 63, 99 
identity, 65 
integral, 65 
inverse, 65 
product of, 64 


Lower bound of numbers repre- 
sented, 111, 175-76 


Matrices, 64 


Minimum of form, 67, 175-80 
root, 74 


Modulo, 5 


Negative form, 67 
Neighboring form, 69, 102-3 
Non-residue, 30 


Number of integers <m and 
prime to m, 7 


Opposite forms, 66, 71, 140 


Parallel forms, 66, 136 

Pell’s equation, 115 

Perfect numbers, 4, 5 

Periods, 104, 114, 116 
peas reduced system of, 


with integral values, 21 
Positive form, 67 
Prime to, 2 
Primes, 3, 15, 89 
factorization into, 3 
infinitude of, 4, 5, 96 
Primitive form, 75 
root, 18-21, 30 
Principal class, 140 
form, 140 
genus, 142-438, 149 
Proper representation, 73-77, 82, 
95, 115-16 
solution, 121 
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